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ABSTRACT
A la rg e  number o f  problems in  eng ineering  sc ien ce  involve  the  
s o lu t io n  o f  d i f f e r e n t i a l  equa tions  s u b je c t  to  some su b s id ia ry  condi­
t i o n s ,  c a l l e d  c o n s t r a in t s  (o f  e q u a l i ty  o r  in e q u a l i ty  ty p e ) .  While th e  
d e r iv a t io n  o f  th e  governing equations  i s  not unduly d i f f i c u l t ,  i t  i s  
co n s id e rab ly  more d i f f i c u l t  to  analyze  problems w ith  c o n s t r a in t s .  Most 
p ra c t ic a l  methods o f  a n a ly s is  a re  based on unconstra ined  m inim ization 
tech n iq u es ,  such as  th e  Lagrange m u l t i p l i e r  method and th e  pen a lty  
fu n c tio n  method. These techn iques  transfo rm  a given co n s tra in ed  m in i­
m ization  problem in to  a s e t  o f  unconstra ined  m inim ization problems.
In th e  p r a c t i c a l  implem entation o f  th e se  methods, one encounters 
problems in  terms o f  computer s to r a g e ,  computational tim e, and more 
im p o rtan tly  numerical i n s t a b i l i t i e s .  The p re sen t  study i s  concerned 
w ith  a l t e r n a t e  fo rm ula tion  o f  two p r a c t i c a l l y  im portan t problems 
which have re ce iv ed  g re a t  i n t e r e s t  o f  r e s e a rc h e r s .  The novelty  o f  
th e  p re s e n t  work l i e s  in  th e  use o f  th e  f i n i t e  element method in  con­
ju n c t io n  w ith  v a r i a t io n a l  in e q u a l i ty  approach and p en a lty  func tion  
method.
The f i r s t  problem i s  concerned w ith e l a s t i c - p l a s t i c  to r s io n  o f  
a b a r  su b jec te d  to  term inal tw is t in g  couples . Here th e  y i e l d  c r i t e r i o n  
o f  p l a s t i c i t y  imposes in e q u a l i ty  c o n s t r a in t s  on th e  g ra d ie n t  o f  the  
s t r e s s  fu n c t io n .  The v a r i a t io n a l  in e q u a l i ty  approach was used in  the
iv
fo rm ula tion  and numerical s o lu t io n  o f  th e  problem. The p re se n t  study 
concludes t h a t  th e  v a r ia t io n a l  in e q u a l i ty  approach i s  num erica lly  
a c c u ra te  and com puta tionally  e f f i c i e n t .  Several n o n c irc u la r  and non- 
re c ta n g u la r  cross  s e c t io n  b a rs  were used to  show th e  s t r e s s  contours 
and e l a s t o - p l a s t i c  in t e r f a c e  as a fu n c t io n  o f  th e  tw is t in g  couple. 
A p p lica t ion  o f  th e  method to  two- and th ree-d im ensional e l a s t o - p l a s t i c  
problems i s  aw aiting .
The second problem i s  concerned w ith  th e  n a tu ra l  convection  o f  
a lam inar incom pressib le  Newtonian F lu id  in  en c lo su re s .  Here the  
d iv e rg e n ce -f ree  c o n d it io n  on th e  v e lo c i ty  f i e l d  i s  t r e a te d  as a con­
s t r a i n t .  The p en a lty  fu n c t io n  method was employed to  fo rm ula te  the  
problem, and th e  f i n i t e  element method was used to  so lve  th e  problem 
num erica lly . A f i n i t e  element based on th e  stream f u n c t io n - v o r t i c i t y  
fo rm ula tion  was a lso  developed to  a sse ss  th e  accuracy and computational 
s im p l ic i ty  o f  th e  p e n a l t y - f i n i t e  element developed h e re in .  The study 
in d ic a te s  th e  p e n a l t y - f i n i t e  element i s  com puta tionally  l e s s  expensive , 
w hile  y ie ld in g  co m p e ti t iv e ly  (o r  b e t t e r )  a cc u ra te  s o lu t io n s  f o r  moder­
a t e l y  high Rayleigh numbers (<10®). Extension o f  th e  p re s e n t  work to  
time dependent and th re e  dimensional flows i s  o f  g re a t  i n t e r e s t  to  
in d u s t ry .
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CHAPTER I 
INTRODUCTION
1.1 Openi ng Comments 
A la rg e  number o f  problems in  eng ineering  sc ien ce  invo lve  the  
s o lu t io n  o f  d i f f e r e n t i a l  equations  s u b je c t  to  some su b s id ia ry  con­
d i t i o n s ,  c a l le d  c o n s t r a in t s  (o f  e q u a l i ty  o r  in e q u a l i ty  ty p e ) .  While 
the  d e r iv a t io n  o f  the  governing equations  i s  no t unduly d i f f i c u l t ,  i t  
i s  co ns ide rab ly  more d i f f i c u l t  to  analyze  problems w ith  c o n s t r a in t s .
Most p ra c t ic a l  methods o f  a n a ly s is  a re  based on unconstra ined  minimi­
z a t io n  tech n iq u es ,  such as th e  Lagrange m u l t i p l i e r  method and the  
p en a lty  fu n c tio n  method. These techn iques  transfo rm  a given co n s tra in ed  
minim ization problem in to  a s e t  o f  unconstra ined  m inim ization problems. 
In th e  p ra c t ic a l  implementation o f  th e se  methods, one encounters  prob­
lems in  terms o f  s to ra g e ,  computational t im e , and more im portan tly  
numerical i n s t a b i l i t i e s .  T h e .p re sen t  s tudy  i s  concerned with a l t e r n a t e  
fo rm ulation  o f  two p r a c t i c a l l y  im portan t problems, which have rece iv ed  
g re a t  a t t e n t io n  o f  r e s e a rc h e r s .  The nove lty  o f  th e  p re s e n t  work l i e s  
in  th e  use o f  th e  f i n i t e  element method in  con junc tion  with th e  v a r i a ­
t io n a l  in e q u a l i ty  approach and th e  p en a lty  fu n c tio n  method. Two y ears  
ago, when th e  au th o r  began t h i s  s tudy , th e se  two methods were j u s t  
beginning to  a t t r a c t  th e  a t t e n t io n  o f  eng ineers  and m athematicians
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a l i k e .  At the  p re se n t  time th e re  a r e  many papers devoted to  th e  
a n a ly s is  and a p p l ic a t io n s  o f  th e se  techn iques  (a lthough  o ld  in  concep t, 
t h e i r  use in  f i n i t e  elem ent a n a ly s is  i s  new) to  many im portan t prob­
lems t h a t  have d e f ied  s a t i s f a c t o r y  s o lu t io n s  h e re to fo re .  The problems 
considered  he re in  a re  desc ribed  below.
1. The f i r s t  problem i s  th e  e l a s t i c - p l a s t i c  to r s io n  o f  a b a r ,
in  which th e  y ie ld  c r i t e r i a  o f  p l a s t i c i t y  impose in e q u a l i ty  c o n s t r a in t s  
on th e  g ra d ie n t  o f  th e  s o lu t io n .  In a d d i t io n ,  th e  r e l a t i o n  between 
the  s t r e s s  fu n c tio n  and to t a l  to rque  i s  t r e a t e d  as an e q u a l i ty  con­
s t r a i n t  when th e  to rque  i s  g iven . The lo c a t io n  o f  th e  e l e s t i c - p l a s t i c  
in t e r f a c e  i s  an unknown. M athem atically , t h i s  problem i s  desc ribed  
by an e l l i p t i c  boundary-value problem and th e  main d i f f i c u l t y  in  i t s  
numerical a n a ly s is  i s  th e  c o n s t ru c t io n  o f  a scheme to  in c o rp o ra te  the  
in e q u a l i ty  c o n s t r a in t .  The problem i s  solved using a modern too l o f  
fu n c tio n  a n a ly s i s ,  namely th e  v a r ia t io n a l  in e q u a l i ty  approach.
2. The second problem i s  th e  s teady  lam inar n a tu ra l  convection  
o f  an incom pressib le  Newtonian f l u i d  in  en c lo su re s .  The Boussinesq 
approximation i s  invoked. The in c o m p re s s ib i l i ty  co n d i t io n  ( i . e . ,  
d ivergence  f r e e  co n d it io n )  on th e  v e lo c i ty  f i e l d  can be viewed as a 
c o n s t r a in t .  In co rp o ra t io n  o f  t h i s  c o n s t r a in t  in to  th e  numerical 
scheme i s  o f  prime concern , w hile  keeping com putational c o s ts  to  a 
minimum. F u r th e r ,  when convection dominates th e  flow , momentum and 
thermal boundary la y e r s  a re  formed along th e  en c lo su re  w a l l s ,  where 
th e  v e lo c i ty  and tem perature  have a la rg e  g ra d ie n t .  This rap id  
change o f  v e lo c i ty  and tem perature  near th e  well f u r t h e r  com plicates  
the  c o n s tru c t io n  o f  a convergent i t e r a t i v e  numerical scheme f o r  the
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n o n lin e a r  te rm s. The e l l i p t i c a l  n a tu re  o f  th e  governing equation  i s  
weakened by th e  dominance o f  th e  convec tive  term . The primary numer­
ic a l  d i f f i c u l t y  in  such a ( f i r s t - o r d e r  d e r iv a t iv e  dominated) problem 
l i e s  in  severe  numerical o s c i l l a t i o n s  in  the  s o lu t i o n ,  causing  the  
i t e r a t i o n  process  to  d iv e rg e .  The p e n a l ty  fu n c t io n  method i s  employed 
to  so lve  th e  problem.
1 .2  B r ie f  Review o f  P e r t in e n t  L i t e r a tu r e
The type  o f  c o n s t r a i n t ,  whether i t  i s  an e q u a l i ty  o r  in e q u a l i ty ,  
v a r ie s  from problem to  problem. Examples o f  e q u a l i ty  c o n s t r a in t s  a r e  
provided by th e  co n d it io n  t h a t  th e  f i r s t  s t r a i n  in v a r i a n t  i s  equal to  
zero  in  th e  s t r e s s  a n a ly s i s  o f  ru b b e r - l ik e  m a te r i a l s ,  and th e  d iv e r ­
g en ce -free  c o n d i t io n  on th e  v e lo c i ty  f i e l d  in  th e  incom press ib le  f l u i d  
flow a n a ly s i s .  Conservation o f  (mean) t o t a l  mass, (mean) t o t a l  energy 
and (mean) squared v o r t i c i t y  in  c e r t a in  m eteo ro log ica l schemes provide 
o th e r  types o f  e q u a l i ty  c o n s t r a in t s  in  in tegram  form. Examples o f  
in e q u a l i ty  c o n s t r a in t s  a re  provided by th e  y i e ld  c r i t e r i a  in  p l a s t i c i t y .  
Coulomb's law o f  f r i c t i o n  a t  a boundary, and a f r e e - s u r f a c e  c o n d it io n  
in  seepage flow.
In o rde r  to  in c o rp o ra te  th e se  c o n s t r a i n t s ,  th e  Lagrange m u l t i p l i e r  
fo rm ula tion  appears  to  be th e  most general and w idely  used one. How­
ev e r ,  in  c e r t a in  problems, f o r  example, in  incom press ib le  flow a n a ly s i s ,  
th e  p en a lty  fu n c tio n  method o f  Courant (1943, 1956) i s  com puta tionally  
more advantageous because i t  does no t in tro d u ce  new v a r ia b le s  ( i . e . ,  
Lagrange m u l t ip l i e r s )  in to  th e  fo rm u la t io n s .  A p p lica t io n s  o f  th e  
p en a lty  fu n c tio n  method in  con junc tion  w ith  th e  f i n i t e  element method
can be found in  th e  works o f  Z ienkiew icz and h i s  co lleagues  (1974, 
1975, 1976), Hughes e t  a l .  (1976), and Reddy and h is  co lleagues  (1977, 
1978, 1979a, 1979b, 1980a, 1980b). P a r t  o f  th e  p re se n t  work was con­
ducted during  t h i s  time (1980a). A s p e c i f i c  form o f  the  p en a lty  
fu n c tio n  method, c a l l e d  'v a r i a t i o n a l  a d ju s tm e n t ' ,  was proposed by 
Sasaki (1976) f o r  th e  c o n s t ru c t io n  o f  s t a b l e  numerical schemes; th e  
method i s  a lso  used in  th e  v a r i a t io n a l  o b je c t iv e  a n a ly s is  in  meteoro­
lo g ic a l  problems.
In e q u a l i ty  c o n s t r a in t s  in  th e  p a s t  were t r e a te d  by P o n try a g in 's  
(1962) maximum p r in c ip l e ,  and th e  in v e rse  p e n a l ty  method o f  C arro ll  
(1961) in  mathematical programming (a lso  see  Bellman (1957)) .
In the  l a s t  decade th e  v a r ia t io n a l  in e q u a l i ty  methods have r e ­
ceived  g r e a te r  a t t e n t i o n  by French and I t a l i a n  ap p lied  m athem aticians 
( e . g . ,  Lions and Stampacchia (1967), Stampacchia (1968), and F ichera  
(1972)) .  D ire c t  a p p l ic a t io n s  o f  th e  v a r ia t io n a l  in e q u a l i ty  approach 
to  mechanics were suggested  by Duvaut and Lions (1976). The v a r i a ­
t io n a l  in e q u a l i ty  approach provides an e le g a n t  general theory  t h a t ,  
as a spec ia l  c a se ,  inc ludes  th e  c l a s s i c a l  v a r ia t io n a l  fo rm u la t io n .  
However, th e  c o n s t ru c t io n  and implem entation o f  e f f i c i e n t  numerical 
schemes in  s p e c i f i c  problems i s  extrem ely complex, and forms a to p ic  
o f  c u r r e n t  re sea rch  (Kikuchi and Oden (1 9 7 9 ) ,  and Oden and Kikuchi 
(1979)).
Besides th e  d i f f i c u l t i e s  a s s o c ia te d  w ith  th e  numerical s o lu t io n  
o f  problems w ith  c o n s t r a in t s ,  n o n l in e a r  problems re q u ire  a d d i t io n a l  
c o n s id e ra t io n  in  c o n s t ru c t in g  e f f i c i e n t  numerical schemes. In
n o n lin e a r  problems. I t e r a t i v e  s o lu t io n  methods g e n e ra l ly  a re  used; 
they  u s u a l ly  consume c o n s id e rab le  computing tim e. Several general 
i t e r a t i v e  methods were given by Zienkiewicz (1977). Numerical o s c i l l ­
a t io n s  a re  o f te n  encountered in  n o n l in e a r  problems invo lv ing  the 
f i r s t - o r d e r  d e r iv a t iv e s  ( e . g . ,  convec tive  te rm ); f o r  example, la rg e  
Reynolds n u n te r  o r  Rayleigh number flows a re  known to  p re s e n t  numer­
ic a l  d i f f i c u l t i e s  (see  Hugh.es (1979a)).
Use o f  re f in e d  mesh in  th e  f i n i t e  element method to  avoid 
numerical o s c i l l a t i o n s  seems to  be th e  f i r s t  th in g  numerical a n a ly s ts  
t r y  to  do [se e  Gresho e t  a l . ,  (1979)). However, t h i s  r e s u l t s  in  a 
la rg e  system o f  a lg e b r a ic  e q u a tio n s .  Upwind FEM i s  proposed as an 
a l t e r n a t i v e  scheme to  suppress  th e  numerical o s c i l l a t i o n s  in  the  
s o lu t io n  (s e e  Zienkiewicz (1977) and Hughes (1979a)). There i s  a 
g re a t  deal o f  re sea rc h  c u r r e n t ly  underway in  d ev is in g  proper upwind 
schemes. The upwind technique  i s  e s s e n t i a l l y  e q u iv a len t  to  the  
a r t i f i c i a l  v i s c o s i ty  method which s tre n g th en s  th e  e l l i p t i c  na tu re  
o f  th e  equation  (Roache, 1972).
1 .3  Thesis  O b jec tives  
The o b je c t iv e s  o f  the  p re sen t  s tudy  a re :
(1 ) to  develop general i t e r a t i v e  numerical schemes fo r  e l a s t i c -  
p l a s t i c  to r s io n  problems based on the  v a r ia t io n a l  in e q u a l i ty  
fo rm u la t io n ;  and,
( 2 ) to  c o n s t r u c t  numerical schemes f o r  na tu ra l  convection  problems 
u s ing  p en a lty  fu n c tio n  method.
Following th e  in t r o d u c t io n .  Chapter I I  d e f in e s  th e  governing
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equations  o f  the  fo llow ing  problems: ( i )  e l a s t i c - p l a s t i c  to r s io n  o f  
a b a r ;  and ( i i )  n a tu ra l  convection in  e n c lo su re s .
In Chapter I I I ,  Lagrange m u l t i p l i e r  fo rm u la t io n ,  pen a lty  f o r ­
m ulation and v a r ia t io n a l  in e q u a l i ty  fo rm ulation  a re  summarized.
Chapter IV i s  devoted to  th e  d e ta i l e d  fo rm ulation  and numerical 
a n a ly s is  (based on v a r ia t io n a l  in e q u a l i ty )  o f  the  e l a s t i c - p l a s t i c  
to r s io n  o f  a b a r .  von Mises y ie ld in g  c r i t e r i o n  i s  a p p lied .
Chapter V so lves  n a tu ra l  convection in  enc lo su res  assuming 
s te a d y ,  Newtonian incom pressib le  f l u i d  under Boussinesq approxim ation . 
The pen a lty  and stream  f u n c t io n - v o r t i c i t y  fo rm ula tions  a re  compared 
in  accuracy and e f f ic ie n c y .
F in a l ly ,  primary r e s u l t s  a re  summarized and fu tu re  re sea rch  
d i r e c t io n s  a r e  recommended.
CHAPTER I I
GOVERNING EQUATIONS
2.1 E l a s t i c - p l a s t i c  Torsion o f  Bar 
The problem o f  e l a s t i c - p l a s t i c  to r s io n  o f  a b a r  tw is te d  by 
term inal couples can be form ulated  in  terms o f  a s t r e s s  fu n c t io n  ({). 
The e l a s t i c - p l a s t i c  to r s io n  problem involves f in d in g  4, such t h a t
v^ <j) = - f
lv<j> 2 -  T
1 ? * l
2
-  T
(j) = 0
J i -
9"e
9(j)
T =
i n « e ( 2 . 1 )
i n %
( 2 . 2 )
i n " e
(2 .3 )
on 90 (2 .4 )
on r (2 .5 )
( 2 . 6 )
where and denote th e  e l a s t i c  and p l a s t i c  p o r t io n  o f  th e  domain 
( i . e . ,  c ro ss  s e c t io n  o f  th e  b a r ) ,  fi = flgU fip, 9S2 denotes p iecew ise
smooth boundary, r  i s  th e  i n t e r f a c e  o f  e l a s t i c  and p l a s t i c  p o r t io n s ,
9 _3
gn. gn
3 3and a re  o u te r  normal d e r iv a t iv e s  on r  w ith  r e s p e c t  to  n .  and 
P ®
0  , T i s  a given p l a s t i c  ( sh e a r )  s t r e s s ,  and f  = 260; here  6 i s  the  
shear modulus, 0 i s  th e  an g u la r  tw i s t  per u n i t  le n g th ,  and T i s  the  
ap p lied  to rq u e  on th e  b a r .  Note t h a t  equation  (2 .3 )  i s  an in e q u a l i ty  
c o n s t r a in t  on th e  g ra d ie n t  o f  4>. I t  should be poin ted  ou t t h a t  e i t h e r
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9 o r  T is  known and the o ther is  computed in any given problem.
The f i r s t  complete d e s c r ip t io n  o f  th e  e l a s t i c - p l a s t i c  to r s io n  
problem i s  a p p a re n t ly  due to  von Mises (1949). E x is tence  and unique­
ness o f  s o lu t io n  to  e l a s t i c - p l a s t i c  to r s io n  o f  a square  c ro s s -  
s e c t io n  ba r was e s ta b l i s h e d  by Ting (1966) using a d i r e c t  approach 
on equa tions  ( 2 . 1 ) - ( 2 . 6 ) .  A d i f f e r e n t  approach, based on th e  theo ry  
o f  v a r i a t io n a l  i n e q u a l i t i e s ,  was taken by stam pacchia (1968), Lions 
(1971), and Duvaut and Lions (1976). In th e  th eo ry  o f  v a r i a t io n a l  
i n e q u a l i t i e s  th e  problem in  ( 2 . 1 ) - ( 2 . 6 ) i s  fo rm ulated  as a c o n s tra in ed  
(which i s  an in e q u a l i ty  c o n s t r a in t )  m inim ization  problem on a r e s ­
t r i c t e d  fu n c t io n  space . Duvaut and Lions (1976) co n s id e red  e x is te n c e ,  
un iqueness , and r e g u l a r i t y  o f  s o lu t io n s  to  th e  e l a s t i c - p l a s t i c  
to r s io n .
A v a s t  m a jo r i ty  o f  papers on v a r i a t io n a l  i n e q u a l i t i e s  dwell nn 
t h e o r e t i c a l  a sp e c ts  such as e x is te n c e  and uniqueness o f  s o lu t i o n s ,  
and very  l i t t l e  can be found on com putational and numerical r e s u l t s .  
Numerical s o lu t io n s  to  th e  e l a s t i c - p l a s t i c  to r s io n  problem have been 
o b ta ined  using  f i n i t e  d i f f e r e n c e  methods, r e l a x a t io n  methods, non­
l i n e a r  programming methods and f i n i t e  elem ent methods. Many o f  the 
p rev ious works have used d i r e c t  fo rm u la t io n s  based on ( 2 . 1 ) - ( 2 . 6 ) .  
While th e  th e o ry  o f  v a r ia t io n a l  i n e q u a l i t i e s  i s  a n a tu ra l  (and per­
haps th e  most c o r r e c t )  means o f  fo rm u la ting  th e  e l a s t i c - p l a s t i c  
to r s io n  prob-lem, i t s  numerical implementation i s  by no means easy .
This f a c t  i s  r e f l e c t e d  by the  very  few p u b l ic a t io n s  on th e  a p p l ic a ­
t io n  o f  v a r i a t i o n a l« in e q u a l i t y  to  eng ineering  problems. Numerical 
s o lu t io n  o f  th e  e l a s t i c - p l a s t i c  to r s io n  by th e  v a r i a t io n a l  in e q u a l i ty
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i s  a r e c e n t  occurrence . Glowinski and h is  co lleag u es  (1973, 1976) 
p resen ted  numerical r e s u l t s  f o r  v a r io u s  tw is t  an g les  f o r  simply and 
m u lt i-co n n ec ted  domains using Uzawa's method (Arrow e t  a l . ,  1958). 
R ecen tly , Tabata (1976) p resen ted  a numerical method f o r  th e  v a r ia ­
t io n a l  in e q u a l i ty  a s so c ia te d  w ith  th e  e l a s t i c - p l a s t i c  to r s io n  problem. 
There th e  f i n i t e  element method was used to  reduce th e  problem to  a 
m inim ization  problem, which was then so lved  by th e  i n t e r i o r  p o in t  
unconstra ined  m inim ization  techn ique  w ith  th e  s t e e p e s t  d e scen t  method 
and th e  g e n e ra l iz e d  Newton method (F iacco  and McCormick, 1968).
Fiacco and McCormick (1968) po in ted  o u t  t h a t  th e  g ra d ie n t  method, 
which i s  th e  b a s is  o f  Uzawa's method, has slow convergence compared 
to  th e  i n t e r i o r - p o i n t  unconstra ined -m in im iza tion  techn ique .
The p re se n t  in v e s t ig a t io n  i s  concerned w ith  a new numerical 
procedure to  so lv e  th e  v a r i a t io n a l  i n e q u a l i ty  a s s o c ia te d  w ith  th e  
e l a s t i c - p l a s t i c  to r s io n  problem ( 2 . 1 ) - ( 2 . 6 ) .  The main d i f f i c u l t y  
with th e  problem i s  to  lo c a te  th e  e l a s t i c - p l a s t i c  in t e r f a c e .  Lanchon 
(1970) t r e a t e d  equations  (2 .2 )  and (2 .3 )  as  c o n s t r a in t s  by means o f  
a Lagrange m u l t i p l i e r ,  and i t  was assumed th a t  th e  ang le  o f  tw i s t  i s  
given in s te a d  o f  th e  term inal to rq u e .  In th e  p re s e n t  in v e s t i g a t i o n ,  
equation  ( 2 . 2 ) i s  solved by means o f  th e  method o f  c h a r a c t e r i s t i c s ,  
and then an i t e r a t i v e  procedure i s  used to  so lve  f o r  th e  e l a s t i c -  
p l a s t i c  i n t e r f a c e .  We a lso  re fo rm u la te  th e  problem in  Lanchon (1970, 
1974) f o r  th e  case  in  which th e  to rque  i s  g iven . The p re se n t  i n v e s t i ­
g a tio n  i s  p r im a r i ly  concerned w ith  a new and e f f e c t iv e  computational 
scheme to  so lv e  th e  e l a s t i c - p l a s t i c  to r s io n  problem; n e v e r th e le s s ,  
th e o r e t i c a l  a s p e c t s ,  such as th e  e x is te n c e  and uniqueness o f  s o lu t io n
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and e r r o r  e s t i m a te s ,  a r e  d iscussed  f o r  th e  sake o f  completeness.  A 
number o f  numerical examples a r e  p resen ted  assuming t h a t  von Mises ' 
y i e l d  c r i t e r i o n  ho lds .
2 .2  Natural  Convection in  Enclosures
Convection phenomena induced by body fo rces  have been th e  sub­
j e c t s  o f  many t h e o r e t i c a l  and numerical i n v e s t i g a t i o n s .  As pointed 
ou t  by Ostrach (1972) convection problems can be c l a s s i f i e d  in to  two 
major types :  ex te rna l  problems, such as th e  flow around a heated  rod 
o r  p l a t e  caused by e x i s t en c e  o f  a tempera ture  d i f f e r e n c e  between the  
body and th e  f l u i d ;  and i n t e r n a l  (o r  cohfined) problems, such as the  
flow in a f l u i d - f i l l e d  c a v i ty  caused by the  tempera ture  d i f f e r e n c e s  
between the  w a l l s  o f  th e  c a v i t y .  Due to  t h e i r  impor tant  r o l e  in  many 
eng ineer ing  problems o f  p r a c t i c a l  i n t e r e s t ,  i n t e r n a l  problems have 
rece ived  g r e a t e r  a t t e n t i o n .  These problems inc lude :  thermal i n s u l a ­
t i o n  o f  b u i ld in g s ,  Batche lo r  (1954);  hea t  t r a n s f e r  through double- 
glazed window. Elder  (1965a,b) and Gil l  (1966); cool ing  o f  e l e c t r o n i c  
equipment, Pedersen (1971);  general  c i r c u l a t i o n  o f  p la n e t a ry  atmos­
phe res ,  Hart  (1972);  c r y s t a l  growth from the  m e l t ,  C ar ru the rs  (1975); 
s t e r i l i z a t i o n  o f  canned foods ,  Hiddink e t  a l .  (1976);  coo l ing  f l u i d s  
in  channels  surrounding a nuc lea r  r e a c t o r  core ,  Petuklov (1976);  con- 
v e c t i v e ly  cooled underground e l e c t r i c  cab le  systems,  Chato and 
Abdulhadi (1978) and many o th e r s .
For in te r n a l  high Rayleigh number ( i . e .  > 10 ) f lows,  the
a
reg ion  e x t e r i o r  ( i . e .  core ) to  th e  boundary l a y e r  i s  in f luenced  by 
the  behavior o f  the  surrounding boundary l a y e r .  This coupling o f
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th e  boundary l a y e r  and the  core  reg ion  c o n s t i t u t e s  th e  main source 
o f  d i f f i c u l t y  f o r  o b ta in in g  a n a l y t i c a l  s o lu t io n s  to  in t e rn a l  problems, 
fo r c in g  one to  seek numerical s o l u t i o n s .  In o rd e r  to  cap tu re  th e  
boundary l a y e r  e f f e c t s ,  one must use a small mesh near the  w a l l s .
This r e q u i r e s  the  use o f  a nonuniform mesh in  the  i n t e r e s t  o f  accu­
racy and computational e f f i c i e n c y  (use o f  a nonuniform mesh i s  a l so  
n e c e s s i t a t e d  by i r r e g u l a r  c o n f ig u ra t io n s  o f  e n c lo su re s ) .  The i n a b i l i t y  
o f  th e  f i n i t e  d i f f e r e n c e  methods t o  a c c u r a t e ly  d e sc r ib e  i r r e g u l a r  
domains and permit  the  use  o f  nonuniform, n o n - rec tangu la r  meshes, and 
th e  complexity involved in  developing h ig h e r -o rd e r  f i n i t e  d i f f e r e n c e  
approximat ions have l e d  the  r e sea rc h e r s  to  c ons ide r  the  f i n i t e  element 
method, which, i s  known to  have overcome th e  above mentioned s h o r t ­
comings o f  the  f i n i t e  d i f f e r e n c e  method. The f e a s i b i l i t y  o f  apply ing 
th e  f i n i t e  element method to  convection hea t  t r a n s f e r  in  r e c t a n g u la r  
enc losu res  has been s tu d ie d  by Tabarrok and Lin (1977) using the  
s tream f u n c t io n - v o r t i c i t y - t e m p e r a tu r e  fo rm u la t ion ,  G a r t l ing  (1977) 
us ing  the  p re s su re -v e lo c i ty - t e m p e ra tu re  fo rm ula t ion ,  Heinrich e t  a l .  
(1978) ,  and Reddy and Mamidi (1978) using pena l ty  func t ion  methods.
Under the  s tandard  assumption o f  convective  heat t r a n s f e r  ( i . e .  
Boussinesq approximation h o ld s ) ,  th e  two-dimensional equations  
governing a Newtonian f l u i d  in  th e  presence o f  a tempera ture  g ra d i e n t  
(bu t  in  the  absence o f  o th e r  body fo rce s )  can be w r i t t e n  a s ,  
conserva t ion  o f  mass:
11
conse rva t ion  o f  l i n e a r  momentum:
A(„) = -  i f  -  vK  ^  -  96(T-T„) (2 .8 )
A ( v ) = - i f . v [ 2 | | . f  ( f  . f ) ]  (2 .9)
conse rva t ion  o f  energy:
2 2
A(T) = o ( - 2 - I +  - ^ - 5  (2 .10)
3x^ 3y^
where
a  = k/p^Cp » A = u ^  + V (2 .11)
and X i s  taken p o s i t i v e  downward ( i . e .  a long the  a c c e l e r a t i o n  due to
g r a v i t y ) .  Here (u ,v )  a r e  the  components o f  v e l o c i t y  along (x ,y )  - 
d i r e c t i o n s ,  P i s  the  p re s su re ,  T i s  the  tempera ture  (T^ i s  th e  r e f e r ­
ence tem p e ra tu re ) ,  i s  the  r e fe re n ce  velue  o f  the  d e n s i t y  o f  the  
f l u i d , V  i s - t h e  k inematic  v i s c o s i t y ,  3 i s  t h e  c o e f f i c i e n t  o f  thermal 
expansion,  k i s  th e  thermal c o n d u c t iv i ty ,  Cp i s  th e  s p e c i f i c  h e a t  a t  
c o n s ta n t  p re s su re ,  and g i s  th e  a c c e l e r a t i o n  due to  g r a v i t y .  To 
complete th e  d e s c r i p t i o n  o f  the  eq u a t io n s ,  equat ions  ( 2 .7 ) - ( 2 .1 0 )  
must be ad jo ined  by ap p ro p r i a t e  boundary cond i t ions  o f  the  problem. 
We assume t h a t  th e  fo llowing general  boundary cond i t ions  ( o f  mixed 
type) a re  s p e c i f i e d :
^x * *^ y) " A on T = T on (2 .12)
^x = -  P)n^ + v ( | ^ +  | ^ ) n y =  on 30^^
V  = + -  P)Ry = t y  on aoiv
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(2 .13 )
u = u on aflgy » V = V on P = P/Pq (2 .14)
Here n = (n^ ,n^)  denotes  th e  u n i t  normal to  th e  boundary an, and a^j
and 3fig denote d i s j o i n t  ( i . e .  3^  ^ t  30^) p o r t i o n s  o f  the  t o t a l  
boundary 3(1 o f  th e  bounded reg ion  (1. That i s ,
asij^ + aOg^ = an  ^^ + an^^ = an = an^^ + an^^ (2 .15)
That i s ,  3nj^ and 3n^^ denote  th e  p o r t io n s  o f  th e  boundary on which 
th e  t r a c t i o n s  t ^  and t ^ ,  r e s p e c t i v e l y ,  a r e  s p e c i f i e d ,  and Bttg  ^ and 
angy denote th e  p o r t i o n s  on which th e  v e l o c i t i e s  a r e  s p e c i f i e d .  
Q u an t i t i e s  with  a h a t  ' denot e  s p e c i f i e d  q u a n t i t i e s  on th e  approp­
r i a t e  boundary.  F u r th e r ,  we use th e  fo l lowing  v a r i a b l e s  f o r  the
nondimens ional iza t ion .  Le t  d denote th e  leng th  o f  th e  enclosure  
(a long y ) ,  2 th e  h e ig h t  (a long  x ) ,  and T^ and T^ denote  th e  tempera­
t u r e s  o f  th e  ho t  and co ld  w a l l s ,  r e s p e c t i v e l y .
The above equa t ions  in th e  p r im i t i v e  v a r i a b l e s  (u ,v ,p ,T )  a re  
o f t e n  rep laced  by equa t ions  in  terms o f  th e  d e s c r i p t i v e  v a r i a b le s  
(ip,i;,T) f o r  numerical approximat ions .  The s tream fu n c t io n  \p i s  
in troduced to  s a t i s f y  t h e  i n c o m p r e s s ib i l i t y  co n d i t io n  ( 2 .7 ) .  Define 
the  stream f u n c t io n  by
u = | f , v  = - f .  (2 .16)
and th e  v o r t i c i t y ,  ç ,  by
^ " I x  ■ l y  " “
Consequently,  equat ions  ( 2 . 7 ) - ( 2 . 1 0 )  reduce to
-V^ç = J(ij^,ç) 93 l y  ( 2 . 1 8 )
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- v h  = ç ,  (2 .19)
- v 4  = ^ J ( i | ^ , T ) .  ( 2 . 20)
where J ( . , . )  i s  the  Jacoh ian ,
In o r d e r  to  de r ive  the  f i n i t e  element  e q u a t io n s ,  the  mixed f o r ­
mulation in  terms o f  v a r i a b l e s  ( u ,v ,p ,T )  may be t h e  most d i r e c t  one. 
However, i t  i s  well known t h a t  FEM, based on th e  mixed fo rm ula t ion ,  
comprises a n o n -p o s i t iv e  d e f i n i t e  m a t r ix  and zeros  appear in  the  
diagonal in  the  c o e f f i c i e n t  m a t r ix .  Fur thermore ,  i t e r a t i o n  to  o b ta in  
n on l inea r  s o l u t i o n s  o f t e n  diverges  in  th e  a n a l y s i s  o f  th e  flow which 
has a boundary l a y e r .  The pena l ty  fo rm ula t ion  i s  an a l t e r n a t i v e  f o r ­
mulation which has th e  fo llowing advantages:  ( i )  in  enabl ing  one to  
ob ta in  s o l u t i o n  f o r  l a r g e r  Rayleigh number (which i s  p ropor t iona l  to
th e  temperature  d i f f e r e n c e  o f  s id e  w a l l s ) ;  and, ( i i )  in reducing
unknown v a r i a b l e s  ( u ,v ,p ,T )  to  ( u ,v ,T ) .  Stream f u n c t i o n - v o r t i c i t y  and 
penal ty  fo rm ula t ions  have the  same number o f  unknowns. Comparison o f  
pena l ty  and s tream f u n c t i o n - v o r t i c i t y  fo rm ula t ions  i s  d iscussed  in 
Chapter V. Since th e  exac t  s o lu t io n  i s  no t  a v a i l a b l e ,  accuracy o f  
numerical approximations  i s  compared with  o th e r  r e s u l t s  a v a i l a b l e  in 
the  l i t e r a t u r e .  A l t e r n a t i v e l y ,  accuracy o f  s o l u t i o n s  i s  a l so  t e s t e d  
by convergence.
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CHAPTER I I I
GENERAL FORMULATION OF CONSTRAINED OPTIMIZATION PROBLEMS
3.1 In t ro d u c to ry  Comment
The o b j e c t i v e  o f  the  p re s e n t  c h ap te r  Is  to  g ive  general  formula­
t i o n s  o f  co n s t r a in e d  o p t im iz a t io n  problems f o r  va r ious  f u t u r e  uses .  
Lagrange m u l t i p l i e r  fo rm u la t io n ,  pena l ty  fo rm u la t ion ,  and v a r i a - ,  
t i o n a l  in e q u a l i t y  fo rm ula t ion  a r e  app l ied  t o . s a t i s f y  given e q u a l i t y  
o r  i n e q u a l i t y  c o n s t r a i n t s .
The problems de f ined  in Chapter I I  have th e  general  form of:
e i t h e r  A(u) = f  in  SI (3 .1 )
o r  u^ + A(U) = f  in  Slx[0,T]
where u i s  an unknown v e c to r ,  f  i s  the  given v e c to r  fu n c t io n  and A(.)  
i s  a d i f f e r e n t i a l  o p e r a to r  with  r e s p ec t  to  xcR^ (n-dimension Euclidean 
space ) ,  and si i s  an open bounded domain in  R*^  with  piecewise  smooth 
boundary 3S1 and T i s  a given t ime.
C o n s t r a in t  co n d i t io n s  have forms o f
E.(u) = 0  i = 1,  . . , 1  (3 .2 )1
o r  I . (u) > 0  j  = 1,  . . , J  (3 .3)
J ~
where I and J show th e  number o f  c o n s t r a i n t s .  We assume t h a t  (3 .2 )  
and (3 .3 )  a r e  independent o f  t ime. Eq. (3 .2 )  o r  (3 .3 )  can be given
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e i t h e r  a t  every p o in t  x in the  domain o r  by in te g r a l  form over the  
domain. Concrete forms o f  v a r i a b le s  and c o n s t r a i n t s  corresponding 
to th e  problems in  Chapter I I  a r e  summarized in  Table 3 .1 .  Boundary
and i n i t i a l  cond i t ions  a r e  given by
B(u) = g on 30 o r  30x[0,T] (3 .4)
and yl t=0 " ^0 a t t  = 0 (3 .5 )
where B i s  a t r a c e  o p e ra to r  on th e  boundary which r e p re se n t s  essen­
t i a l  and na tu ra l  boundary co n d i t io n s .  I f  o p e ra to r  A con ta ins  only 
th e  f i r s t - o r d e r  d e r i v a t i v e  te rms, B i s  th e  i d e n t i t y ,  t h a t  i s ,  (3 .4 )  
i s  simply
a Isn = E (3-6)
where g and u^ a re  given v e c to r  fu n c t io n s .  In the  following d i s ­
cuss ion ,  we co n ce n t ra te  on the  formula t ion  o f  eq. (3 .1 )  with (3 .2 )  
o r  (3 .3 )  by assuming e s s e n t i a l  boundary c o n d i t io n s .
3.2 Weak Formulation
From an approximation po in t  o f  view, i t  i s  advantageous to  c a s t  
the  given d i f f e r e n t i a l  equat ion (3 .1 )  i n to  an in t e g ra l  equa t ion ,  
c a l l e d  the  weak form, in  o rder  to  s a t i s f y  (3 .1 )  in  an in t e g ra l  sense .  
Then the  problem o f  f in d in g  u s a t i s f y i n g  eq.  (3 .1 )  becomes to  f ind  u 
such t h a t
<u^  + A(u) -  f ,  5u > = 0 (3 .7 )
fo r  a r b i t r a r y  func t ion  6u s u b j e c t  to  ( 3 . 2 ) ,  (3 .4 )  and ( 3 . 5 ) ,  where
<a,b> = a*b dfi.
n
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T ab le  3.1 E q u a l i t y  and i n e q u a l i t y  c o n s t r a i n t s
v a r i a b l e  u e q u a l i t y  E^(u) =0 in e q u a l i t y  l j ( u )  > 0
e l a s t i c - p l a s t i c  
t o r s i o n  o f  ba r <!> T = f 2* dn
SI
|V * l ^ - T p  < 0
n a tu ra l  convec t ion ( i )  p en a l ty
u,  V, T
( i i )  s tream 
fu n c t io n -  
v o r t i  c i t y
Ç. T
When u and 6u a r e  s u b j e c t  t o  i n e q u a l i t y  ( 3 . 3 ) ,  (3 .7 )  i s  rep laced  by 
in e q u a l i t y  as i s  d i s cu s s ed  in  s e c t io n  3 .5 .  Since i n t e g r a t i o n  in (3 .7 )  
i s  taken in  space ,  ( 3 .7 )  g ives  an o rd in a ry  d i f f e r e n t i a l  equat ion  wi th  
r e s p e c t  to  t ime. I t  i s  p o s s ib l e  to  i n t e g r a t e  (3 .7 )  over  t ime tak ing  
6u e Q x [ 0 ,T ] .  However, i t  i s  known t h a t  numerical schemes based on 
th e  l a t t e r  i n t e g r a l  have no advantages  (Oden and Reddy, 1976). Here 
we note  t h a t  equa t ions  (3 .1 )  and (3 .7 )  o f f e r  th e  same s o l u t i o n  only 
when u. + A(u) -  f  and 6u a r e  cont inuous .  I f  th e s e  c o n ta in  a f i n i t e  
number o f  d i s c o n t i n u i t i e s ,  two s o lu t io n s  a r e  s a id  to  be the  same 
almost everywhere.  This  im pl ies  t h a t  a shock type  o f  s o lu t io n  o f
(3 .1)  cannot be ob ta in ed  uniquely  by (3 .7 )
3 .3  Lagrange M u l t i p l i e r  Formulation
Equa l i ty  c o n s t r a i n t  (3 .2 )  can be taken i n t o  th e  weak formula t ion  
by in t roduc ing  Lagrange m u l t i p l i e r s .  As i s  seen in  Table 3 .1 ,  th e re  
a r e  two types  o f  c o n s t r a i n t s .  One i s  de f ined  po in tw ise  and the  o th e r  
has a n . i n t e g r a l  form over domain.
( i )  po in tw ise  c o n s t r a i n t  I f  c o n s t r a i n t  (3 .2 )  i s  given 
po in tw ise ,  th e  weak form o f  (3 .1 )  s u b j e c t  to  (3 .2 )  can be given by
N
< u^ + A(u) -  f ,  6u >+ I 6 < E . ( u ) ,  p.] > = C (3 .8 )
i=l
where pu 's  a r e  Lagrange m u l t i p l i e r s  and th e  fu n c t io n  o f  x,  6 denotes 
th e  f i r s t  v a r i a t i o n .
( i i )  c o n s t r a i n t  in  i n t e g r a l  form When c o n s t r a i n t  (3 .2 )  i s  given 
by an in t e g ra l  form over  th e  domain, th e  weak form corresponding to
(3 .1) s u b je c t  to (3 .2 )  can be expressed by
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N
< u . + A ( u )  - f ,  ôu > +  I  6(A. E . ( u ) )  = 0 (3 .9 )
where t h e  Lagrange m u l t i p l i e r ,  i s  an unknown number.
I n e q u a l i t y  c o n s t r a i n t  (3 .3 )  can be formula ted  using  a Lagrange 
m u l t i p l i e r .  Formulation o f  i n e q u a l i t y  c o n s t r a i n t  i s  given in  s e c t io n  
3 .5 .  In o r d e r  to  c l a r i f y  th e  use o f  a Lagrange m u l t i p l i e r ,  an example 
i s  given.
Example Steady incompress ib le  c reep ing  flow in  two dimensions i s  
expressed by S tokes '  equ a t io n ,
y V^u -  H  = pf^
y v^v - =  pfy (3 .10)
#  + § = 0  (3 .11)
where i s  L a p la c e ' s  o p e r a t o r ,  f^  and f ^ ,  components o f  body fo rce  
per  u n i t  volume, p i s  th e  d e n s i t y  o f  body. Then, th e  weak form 
a s s o c i a t e d  with (3 ,10)  and (3 .11) i s  given by
< yV^u - 3%- -  Pfx' Gu > + < yV^v - | |  + pf^,6v >
+ < 1 % + I ?  '  «P > '  0 (3-12)
Eq. (3 .12)  can be w r i t t e n  as
< yV^u + p f^ ,  ÔU > + < yV^v + pf^ ,  5v >
+ <S<p ,  + > = 0 (3 .13)
when homogeneous boundary cond i t ion  i s  used.  Eq. (3 .13) im pl ies
t h a t  eqns.  [3 .10)  and (3 .11) a r e  e q u iv a l en t  to  f in d in g  u and v which
minimize t h e  fun c t io n a l
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F(u ,v)  = 1  [ I  { ( | ^ ) ^  + ( 0 ) ^ }  + P ( f /  + y ) l  dxdy (3 .14)
s u b j e c t  t o  e q u a l i t y  c o n s t r a i n t  ( 3 .1 1 ) .  I t  i s  noted t h a t  p re s su re  p 
p lays  t h e  r o l e  o f  a Lagrange m u l t i p l i e r .
3 .4  Pena l ty  Formulation
In 1941, R. Courant (1943, 1956) suggested a novel method of  
o b ta in in g  b e t t e r  convergence (o f  th e  d e r i v a t i v e s  o f  th e  s o lu t io n )  in  
th e  R ay le igh-R i tz  method. The method, as  app l ied  to  the  eq u i l ib r iu m  
problem f o r  a membrane (V u = f  i n  S2 and u = 0 on th e  boundary 80 o f  
0) under ex te rn a l  p re s su re  f ,  can be desc r ibed  as fo l lows:  Ins tead  o f  
cons ide r ing  th e  usual v a r i a t i o n a l  problem o f  minimizing the  func t iona l
l ( u )  = Y ^ ^ ^ ^  2u f ]  dxdy, u = 0 on 80, (3.15)
th e  method seeks the  minimum o f  a modified func t iona l  ob ta ined  from 
th e  o r i g i n a l  func t iona l  by adding terms o f  h igher  o rd e r  which vanish 
f o r  th e  ac tua l  s o lu t io n  u:
I_ ( u ,c )  = I (u )  + i  e(V^u-f)^dxdy (3 .16)
P ^ Jo
where e i s  an a r b i t r a r y  ( p r e s e l e c te d )  p o s i t i v e  c o n s ta n t  o r  fu n c t io n .  
Courant termed the  func t iona l  in  (3 .16)  a " s e n s i t i z e d "  func t iona l  
s in ce  i t  i s  more s e n s i t i v e  to  v a r i a t i o n s  o f  u w i thou t  changing the
s o l u t i o n .  Another example o f  th e  use o f  t h i s  idea  i s  provided by the
in c lu s io n  o f  the  e s s e n t i a l  boundary cond i t ion  in  th e  D i r i c h l e t  problem.
The modified  func t iona l  i s  given by
I _ ( u ,e )  = I (u )  +4 f u^ds.  (3.17)
2 0
For s u f f i c i e n t l y  l a r g e  values  o f  e,  th e  boundary va lue  problem c o r r e s ­
ponding to  t h e  fun c t io n a l  in  (3 .17) i s  a lmost eq u iv a len t  to  t h a t  
a s s o c ia t e d  w i th  the  func t iona l  in  (3 .15 ) .
Although th e  idea was motivated by phys ical  c o n s id e r a t i o n s ,  
i t s  value as a te chnique  f o r  t ransforming  a given con s t ra in ed  minimi­
z a t i o n  problem in to  a (sequence of)  unconst ra ined  minimization 
proglem(s) was no t  recognized immediately.  The idea  was apparen t ly  
not r i g o r o u s ly  pursued f o r  over a decade. In 1954 th e r e  was renewed 
i n t e r e s t  in  the  pen a l ty  func t ion*  method (Leitmann, 1962) as a compu­
t a t i o n a l  device  in  mathematical  programming ( s e e ,  f o r  example, the  
' l o g a r i th m ic  p o te n t i a l  method' o f  Fr isch  (1954) ,  and the  ' i n v e r s e  
pena l ty  func t ion  techn ique '  o f  Carro ll  (1961)) .  In 1956 Moser proved 
convergence o f  the  s o lu t io n  o f  the  pena l ty  problem to  the  s o lu t io n  
o f  the  o r ig i n a l  problem. In 1957 a very s i g n i f i c a n t  c o n t r ib u t io n  was 
made by Rubin and Unger (1957) which took the  o r ig i n a l  technique  of  
Courant ou t  o f  th e  realm o f  con jec tu re  f o r  a much wider c l a s s  o f  
problems. They gen e ra l iz ed  Couran t 's  technique  t o  m u l t i p l e  v a r i a b l e s  
and m u l t ip l e  e q u a l i t y  c o n s t r a i n t s ,  and provided a convergence proof 
and a proof o f  th e  e x i s t en c e  o f  Lagrange m u l t i p l i e r s .  Apart  from 
th e se  r e s u l t s ,  t h e r e  was no s i g n i f i c a n t  t h e o r e t i c a l  development of  
the  technique f o r  a long t ime. However, the  pen a l ty  func t ion  te ch ­
nique was o f t e n  used as a computational device  to  approximate s o lu t io n s  
o f  v a r i a t i o n a l  problems. There have been numerous papers devoted to 
var ious  m o d i f ica t io n s  o f  the  method and t h e i r  a p p l i c a t i o n s  to
^The word ' p e n a l t y  fu n c t io n '  was f i r s t  used by T. N. Edelbaum in 
Chapter 1 o f  the  book on o p t im iza t ion  techniques  e d i te d  by Leitmann 
(1962).
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p a r t i c u l a r  problems; see  Fiacco and McCormick (1968) and Hestenes 
(1975) f o r  a p p l i c a t i o n s  in  mathematical programming and o p t im iza t io n ,  
Babuska (1975) f o r  f i n i te -e lem en t  a p p l i c a t i o n s ,  and Sasaki (1976) f o r  
an a p p l i c a t i o n  in  meteorology.
Despite  i t s  wide use in  mathematical programming and optimiza­
t i o n ,  t h e  p e n a l ty  fu n c t io n  method was no t  rega rded ,  u n t i l  r e c e n t l y ,  as 
a powerful computational dev ice .  This i s  mainly  due to  two s h o r t ­
comings: ( i )  th e  technique  was used in connec tion  with  the  approximate 
s o lu t io n  o f  v a r i a t i o n a l  problems by Ray le igh-Ri tz  type  methods,  which 
were themselves never regarded as com pet i t ive  when compared to the  
t r a d i t i o n a l  f i n i t e  d i f f e r e n c e  methods; ( i i )  i n  th e  p r a c t i c a l  a p p l i c a ­
t io n  o f  the  p en a l ty  fu n c t io n  method, the  p e n a l ty  terms "misbehave" 
w i thou t  proper s e l e c t i o n  o f  the  approximation fu n c t io n s  o r  i n t e g r a t i o n .  
These two shortcomings were overcome by the  f i n i t e  element method (and 
reduced i n t e g r a t i o n  te ch n iq u es ) .  In 1973, th e  pen a l ty  func t ion  method 
was in t roduced  i n t o  the  f i n i te -e lem en t  a n a l y s i s  o f  f l u i d  flow problems 
by Zienkiewicz (1974).  However, th e  second shortcoming was not over­
come u n t i l  Zienkiewicz,  Taylor  and Too (1971) dev ised ,  r a t h e r  ingen­
io u s ly ,  t h e  s o - c a l l e d  reduced i n t e g r a t i o n  t e ch n iq u e ,  which was l a t e r  
used by Zienkiewicz and h i s  co l leagues  (1975, 1976) i n  the  numerical 
i n t e g r a t i o n  o f  t h e  p ena l ty  terms.  Thus,  over t h r e e  decades a f t e r  the  
o r ig in a l  idea was sugges ted ,  the  pena l ty  fu n c t io n  method was brought 
in to  th e  realm o f  computational mechanics ( e s p e c i a l l y  i n to  f i n i t e  
element a n a ly s i s )  where i t  now serves  as a simple y e t  e f f e c t i v e  com­
pu ta t iona l  techn ique  o f  handling physica l  as well  as mathematical 
c o n s t r a i n t s .  E x p lo i t a t io n  o f  f u r t h e r  g e n e r a l i z a t i o n s  and ex tensions
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o f  th e  technique  in  th e  f i n i te -e lem en t  s o l u t i o n  o f  a v a r i e t y  o f  
engineer ing  problems i s  the  c u r r e n t  s t a t e  o f  th e  techn ique .
Equation (3 .1 )  s u b j e c t  to  e q u a l i t y  c o n s t r a i n t  (3 .2 )  given a t  
every po in t  can be formula ted by th e  pena l ty  fo rm u la t io n .  The 
pena l ty  fo rm ula t ion  t r i e s  t o  s a t i s f y  (3 .2 )  in  an approximate sense .  
In troducing  a p e n a l ty  fu n c t io n a l  corresponding to  c o n s t r a i n t  ( 3 . 2 ) ,
S-Gg(u) = I  X  J Ei(u) dxdy , e = ( e p . . . , e j )  (3.18)
one can w r i t e  th e  weak form o f  (3 .1 )  s u b j e c t  to  ( 3 .2 )  as
< u^ + A(u) + f ,  6u > + 6G^(u) = 0 (3 .19)
Then i t  i s  expec ted t h a t
u u and E .(u) ^  0 as  e -»■ ».  (3.20)«W0 «S' 1
In o rd e r  to  a s s u re  th e  p rope r ty  ( 3 .2 0 ) ,  c e r t a i n  p r o p e r t i e s  on o p e ra to r
A and boundary co n d i t io n s  a r e  r eq u i red .  F u r th e r  mathematical  theory
o f  p en a l ty  fo rm ula t ion  in  th e  Navier-Stokes equa t ion  was given by 
Reddy (1979a).
Exâmple In th e  example in  s ec t io n  3 . 3 ,  i t  was shown t h a t  the
problem def ined  by (3 .10)  and (3 .11) i s  e q u iv a l e n t  to  minimization  o f  
a func t iona l  F(u ,v ) d e f ined  by (3 .14)  s u b j e c t  to  eq .  ( 3 .1 1 ) .  For the  
same problem, us ing th e  pena l ty  fo rm u la t ion ,  one d e f in e s  a new func­
t io n a l  Lg(u,v) us ing th e  given parameter e by
Lg(u,v) = F(u ,v) + I  j { ( | ^ ) + - ( | ^ ) } 2 d x d y  (3.21)
and minimizes L^(u ,v).  Then E u l e r ' s  equations  a r e  given by
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p v 2 v ^ + e | | = p f y  (3 .22)
where
3u_ 3v^
® " I F  ■*■ l y "
Comparing eq. (3 .10)  and (3 .22) we expect t h a t  
£0 ->r - p ,  0 0 and (Ug, v^)->(u,v) as e->“ .
3 .5  V a r ia t io n a l  In e q u a l i t y
V ar ia t io n a l  i n e q u a l i t y  i s  a fo rm ula t ion  o f  minimization problems 
s u b je c t  to  i n e q u a l i t y  c o n s t r a i n t s .  Discussion he re in  i s  given f o r  the  
s teady  case  and e v o lu t io n a ry  v a r i a t i o n a l  i n e q u a l i t y  can be r e f e r r e d  to  
Lions (1971).
The idea o f  v a r i a t i o n a l  i n e q u a l i t y  may be i l l u s t r a t e d  b e s t  by 
the  minimiza tion  o f  a q u a d ra t i c  fu n c t io n  f ( x )  on the  c losed i n t e r v a l  
K = [a ,b] shown in  Figure  3 .1 .  Let c be t h e  p o in t  such t h a t  f ' ( c )  = 0 .  
Then accord ing  to  th e  lo c a t io n  o f  i n t e r v a l  K, p o in t  Xq which minimizes 
f ' ( x )  can be
( j )  i f  b < c ,  Xq = b and f ' ( x g )  <0
( i i )  i f  a < c  < b ,  Xg = c and f ' ( X g )  = 0  (3 .23)
( i i i )  i f  c < a ,  ^  = a and f ' ( x g ) > 0
These t h r e e  cases  can be s t a t e d  as a s i n g l e  i n e q u a l i t y  by f in d in g  Xgc K
such t h a t
f ' ( X g ) ( x - X g ) > 0  f o r  any x s K  ( 3 . 2 4 )
This idea can be extended to  a func t iona l  r a t h e r  than a f u n c t io n .
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Minimization o f  a fun c t io n a l  F(u) s u b je c t  to  an i n e q u a l i t y  c o n s t r a i n t  
o f  the  type  iCu) >0 given in  (3 .3 )  can be s t a t e d  by f ind ing  u e K such 
t h a t
(PI) F ( u ) < F ( y )  f o r  any y eK (3 .25)
where K = { y ; . I(.v) >0}. Then the  problem (PI)  i s  c h a r a c te r i z e d
by f in d in g  u e K such t h a t
(P2) 6F(u: y-u) > 0  f o r  any y eK (3 .26)
where gF(u: y-u) = lim-^ IF(u + t ( y - u ) ) - F ( u ) ]  (3 .27)
I f  t h e r e  e x i s t s  a fu n c t iona l  F a s s o c i a t e d  w i th  a d i f f e r e n t i a l  
o p e ra to r  A def ined  in (3 .1 )  such t h a t  f o r  homogenous boundary condi­
t io n s
6F(u: v-u) = <Au -  f , v - u > ,
then (3.26) becomes < Au -  f ,  y-u>>0 (3 .28)
I n e q u a l i t y  (3 .26) o r  (3 .28) i s  c a l l e d  a v a r i a t i o n a l  i n e q u a l i t y .  
The im p l ic a t io n  o f  (3 .28) can be i l l u s t r a t e d  geo m et r ica l ly  in  terms 
o f  a p r o j e c t i o n .  Suppose t h a t  f o r  given fu n c t io n  h ,  ueK s a t i s f i e s
< u-h ,  v - u > >0 f o r  any v e K
Then u i s  s a i d  t o  be a p r o j e c t i o n  o f  h on K and denoted by
u = P. {h>^ K
As i s  shown in  Figure  3 . 2 ,  u i s  th e  p o in t  which g ives  minimum d i s ­
tance  between h and a s e t  K. I f  we i d e n t i f y  h in  (3 .28) by
h = u -  p(Au -  f ]  f o r  p > 0 ,
i n e q u a l i t y  (3 .28) i s  e q u iv a l e n t  to  a p ro j e c t io n  form
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f ( x )
Figure 3.1 Minimum po in t  Xq o f  fu n c t io n  f (x )
u-h
v-u
0
Figure 3.2 Geometrical I n t e r p r e t a t i o n  o f  P ro jec t ion .
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u = {u -  p CACu) -  f )}  = T(u) (3 .29)
There fo re ,  the  s o l u t i o n  o f  (3.28) i s  to f in d  the  f ix ed  p o in t  o f  
equation  (3 .2 9 ) .  I t  has been proved t h a t  a unique f ix e d  p o in t  e x i s t s  
i f  mapping T i s  a c o n t r a c t i o n  (Lions and Stampacchia,  1967).
I t  i s  noted t h a t  an i n e q u a l i t y  c o n s t r a i n t  i s  cons idered  in  the
d e f i n i t i o n  o f  t h e  s e t  K. Then s e t  K i s  e x p l i c i t l y  def ined  in  terms o f
a v a r i a b l e  i t s e l f  ( e . g . ,  |u |  < 1 ) ,  p ro je c t io n  o f  u on K can be e a s i l y
taken in to  account as  i s  shown l a t e r  in an example. However, i f  K i s
defined i m p l i c i t l y  ( e . g . ,  jgrad u |  < 1 ) ,  f ind ing  th e  s o lu t io n  which 
belongs to  K can be a d i f f i c u l t  problem. The fo l lowing formula t ion  
in t roduc ing  a Lagrange m u l t i p l i e r  can conver t  t h e  v a r i a t i o n a l  e q u a l i t y  
on K to  the  one on a new s e t  o f  Lagrange m u l t i p l i e r .
In t roducing  a s e t  M such t h a t  N = {p: p > 0 }  , problem (PI) i s  
e q u iv a len t  to f in d in g  Cy»p)e HxN such t h a t
(P3) L(u ,q) < L(u,p) < L(y,p) f o r  any (y ,q )  e HxN (3.30)
where L(.u,p) = F(u) -  p I (u )  df2 , H i s  a s e t  o f  fu n c t io n  u with no 
c o n s t r a i n t .  Here,  the  c o n s t r a i n t  I[u) >0 i s  extended t o  th e  cond i t ion
p I(u)  >0  and p >0 (3 .31)
In e q u a l i ty  (3 .31) im pl ies  t h a t  i n e q u a l i t y  c o n s t r a i n t  on u i s  r e l e a s e d .  
Problem (P3) i s  a minimiza t ion  problem with r e s p e c t  to  u and maximi­
za t ion  with r e s p e c t  to  p,  c a l l e d  a s ad d le -p o in t  problem. An example 
o f  ( P . l )  i s  given in  the  fo l lowing .  Here, we in t roduce  the  v a r i a ­
t io n a l  i n e q u a l i t y  formula t ion  w i thout  sp ec i fy in g  p r o p e r t i e s  o f  a 
func t ion  space H, K and N, func t iona l  F, and the  ope ra t io n
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In f a c t ,  in  o rd e r  to  i n v e s t i g a t e  th e  mathematical  p r o p e r t i e s  such as 
the  e x i s t e n c e ,  un iqueness ,  and r e g u l a r i t y  o f  t h e  s o l u t i o n ,  th e  mathe­
matical  notion  o f  fu n c t io n a l  a n a ly s i s  i s  re q u i re d  and can be r e f e r r e d  
to  Duvaut and Lions (1976) ,  Kikuchi and Oden (1979 ) ,  and Oden and 
Kikuchi (1979).
Example Consider a cont inuous  beam on d i s c r e t e  suppor ts  when a
beam is  not  f ix e d  with  t h e  su p p o r t .  T h e re fo re ,  according  to  a load 
c o n d i t io n ,  some suppor t s  do no work. This problem can be so lved  by 
c l a s s i c a l  continuous-beara theory  by co n s id e r in g  a l l  p o s s ib l e  cases  in  
which th e  ac tua l  s i t u a t i o n  happens. However, v a r i a t i o n a l  i n e q u a l i t y  
o f f e r s  a much e a s i e r  fo rm u la t io n .  Suppose t h a t  p o t e n t i a l  energy in  
terms o f  a d e f l e c t i o n  o f  a beam w given by
F(w) =
2
( - ^ ) ^  - f w }  dx, f >0 (3 .32)
Ü ^ dx^
where f  i s  a given f o r c e ,  and El i s  th e  f l e x u ra l  r i g i d i t y .  The 
s o lu t io n  should be found in  the  c losed  s e t  K such t h a t  K = (w: w > 0}. 
Then th e  corresponding  v a r i a t i o n a l  i n e q u a l i t y  can be s t a t e d  by f in d in g  
w EK such t h a t
f E l  A  d x  >
‘a dx dx ,-sj
f(v-w) dx f o r  any v e K
Several  numerical r e s u l t s  by f i n i t e  element method a re  given in  
Figure  3 .3 .
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P=l ,  EI=1, L=1
H K
O Ô 8 1
"  0.02
(a)
I  1
 — .  '  ' A
0.001
(b)
\  _____ 0.0039
- I ' _________________   A
0.0025
(c)
Figure 3 .3  D ef lec t ion  o f  Continuous Beam.
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■CHAPTER IV
' A NUMERICAL METHOD FOR ELASTIC-PLASTIC TORSION BY 
VARIATIONAL INEQUALITY
4.1 VARIATIONAL FORMULATIONS
Associa ted  with  th e  e l a s t i c - p l a s t i c  t o r s i o n  problem ( 2 . 1 ) - ( 2 . 6 ) ,  
we d i scu ss  two methods; one due to  Lanchon (1970, 1974), c a l l e d  Problem 
L, and th e  o th e r  i s  th e  new method which we w i l l  c a l l  Problem P. In 
each method we c o n s id e r  two cases :  In case  1,  th e  ang le  o f  t w i s t  i s
assumed to  be given and in  case  2 th e  to rque  i s  assumed to  be known.
We use th e  fo llowing n o ta t i o n .  Let Lgfo) denote  th e  space o f  square 
in t e g r a b l e  fun c t io n s  in  and Hg(o) denote th e  Sobolev space o f  o rde r  
1 with  t h e i r  f i r s t  d e r i v a t i v e s ,  belong to  L (o ) ,  and vanish on the  
boundary o f  f i ) .
Problem 1
When f  (= 2G0) i s  g iven ,  ( 2 . 1 ) - ( 2 . 5 )  a r e  formulated as a minimi­
za t io n  problem on th e  r e s t r i c t e d  fu nc t ion  space K:
(P I ) .  Find 0eK such t h a t  f o r  given feL^(fi)
F(0) < F(T) f o r  V#K (4 .1)
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where F(*) = ( | 7 * |2  - 2f*)dxdy, and K i s  the  c losed convex s e t ,
K = |<^€HJ: 19*12 - s 0 in nj» (4 .2)
Here to rque  T can be computed from (2 .6 )  once (j> i s  known. I t  i s  easy 
to  see  t h a t  th e  problem PI i s  a minimization problem on s e t  K and i s  
equ iv a len t  to  th e  problem desc r ibed  by ( 2 . 1 ) - ( 2 . 5 ) .  To show t h i s ,  
f i r s t  no te  t h a t  equations  ( 2 . 2 ) - ( 2 . 4 )  a re  inc luded in  the  d e f i n i t i o n  o f  
K, and i t  remains to  be shown t h a t  PI i s  e q u iv a len t  to  (2 .1)  and ( 2 .5 ) .  
Suppose t h a t  minimizes F($) on K. Then f o r  (j)^ , $eK,
(F(*Q, (j) -  <\>^ ) > 0
o r ,  e q u iv a l e n t ly ,  with q = * -  (j)^ .
l i n e  J  ( F  ( * ^  + e n )  -  F ( n )  )
e ->■ 0
> 0 
e = 0
That i s .
{ |9 (* o  + Gn)|2 - 2f(*Q + En)^dxdy > 0 
e=0
{2V(j) • Vn -  2fn}dxdy ^  0
(v2*Q + f )n  dxdy - (9%$^ + f ) n  dxdy +
%
36
3n
3fi,
36
3n
n ds
n ds > 0
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+ f )n  dxdy - j + f )n  dxdy +
%  ° 3 s^ / r
an n ds
3S2p/r
where r  = o n o _  i s  th e  i n t e r f a c e  o f  th e  e l a s t i c  and p l a s t i c  reg io n s ,  e p
Since n = * -  *o = 0 in  0^,  qnd n can be p o s i t i v e  o r  nega t ive  in  
and n = 0 on 90 = 90^ ü aOp, we have
+ f  = 0 in Og,
3ij) 3rf)
< i r > e  ■ ( i r ' p  = ° r
which a r e  the  same as (2 .1 )  and ( 2 .5 ) .
I t  i s  useful to  c a s t  Problem 1 i n to  a l t e r n a t e  bu t  eq u iv a l en t  forms: 
( PI . 1 ) Find (j>eK such t h a t  f o r  feL ^(o) ,
B((jj, (t> -  (p) ^  ( fy  <t> -  (p) , f o r  \/(j)SK (4 .3 )
where
v<p • 7<p dxdy, (f ,(p) f(p dxdy (4 .4)
Equation (4.3). i s  th e  v a r i a t i o n a l  i n e q u a l i t y  a s s o c ia t e d  wi th  Problem 1 
Problem 2
Here we assume t h a t  th e  to rque  T i s  given, but f  i s  unknown. 
In t roducing  a Lagrange m u l t i p l i e r  X, we can s t a t e  ( 2 . 1 ) - ( 2 . 6 )  as  a 
s ad d le -p o in t  problem.
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(P2) Find (*,x)€KxR such t h a t ,  f o r  g iven  TGR,
6((j),x) £  G((j),\) _< G(<|),x) (4 .5 )
f o r  every (*",T) e  K x R. Here G(*,x) i s  given by
G((j),X) = |V(j)|2 dxdy + x(T -  r  2<f> dxdy) ( 4 . 6 )
and R denotes t h e  s e t  o f  r e a l  numbers. I t  can be v e r i f i e d  t h a t  P2 i s  
e q u iv a len t  to  ( 2 . 1 ) - [ 2 . 6 ) .  The l e f t  i n e q u a l i t y  in  (4 .5 )  gives equa­
t i o n  (2 .6 )  and th e  r i g h t  i n e q u a l i t y  g ives  C 2 .1 ) - ( 2 .5 ) .  A l t e r n a t e  
fo rmula t ions  o f  (4 .5 )  a re  p o s s i b l e ,  as s t a t e d  below:
( P2.1 ) Find (4,X) (E K x R such t h a t ,  f o r  given T G R ,
B(*, ip-<p) ^  (x ,  (|i-(<>) and T = 2(p dxdy (4 .7 )
f o r  every  eK.
Note t h a t  Problems 1 and 2 a re  formula ted  on a spec ia l  s e t  K.
From th e  numerical p o in t  o f  view, i t  i s  d i f f i c u l t  to  c o n s t r u c t  a f i n i t e ­
dimensional subspace o f  K. However, by so lv ing  th e  equat ion  ( s ay ,  by 
the  method o f  c h a r a c t e r i s t i c s ) ,  t h e  s e t  K can be de f ined  by th e  condi­
t i o n  with  r e s p e c t  to  t}) r a t h e r  than a g r a d i e n t  o f  (}>. A general  formu­
l a t i o n  would be to  inc lude  equat ion  (2 .2 )  and (2 .3 )  as a c o n s t r a i n t  
by means o f  a Lagrange m u l t i p l i e r  (see  Lanchon, 1974).
Problem 3
Problem 3 seeks to f i n d  a s o lu t io n  to  ( 2 . 1 ) - ( 2 . 6 )  over a l a r g e r  
s e t  ( i n s t e a d  o f  K).
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(U_) Find (<j),P) €  H i(n)  x N such t h a t ,  f o r  given  f  E
L(*,P) < L(*,P) < L(*,P) (4 .8 )
f o r  every  (* ,F ) e  x N, where
L(*,P) = F(*) -  J ^ P ( |V 4. P  -  t2 )  dxdy 
N = {q E  r C n ) :  q < 0  in  f i }
(4 .9 )
I t  i s  not  d i f f i c u l t  to  show t h a t  Problem 3 i s  eq u iv a l en t  to  Problem 1, 
and hence to  equa t ions  ( 2 . 1 ) - ( 2 . 5 ) .
Once ag a in ,  a l t e r n a t e  fo rm ula t ions  to  (4 .8 )  a r e  p o s s ib le .
( L I .1) Find (*,P) E  Hi(o) x N such t h a t  f o r  given f  E  L^(n)
Bp(4,*) = ( f , 4 )  > V(f) E  H^(fi)
{|V(|)12 - t2} (P -  P) dxdy > 0 , VP E N
Ü P
where.
Bp(f ,* )  - (1 -  P) V(j> • V4> dxdy
(4 .10)
(4 .11)
(4 .12)
Problem 4
Problem 4 i s  the  same as Problem 3, except  t h a t  i n s t e a d  o f  given 
f ,  T i s  given.
(L2) Find (cj),X,P) E  H^(fi) x R x N = x such t h a t
Q(*,X,P) _< Q(*,X,P) ±  Q((j),A,P)
Q(*,A,P) 1  Q(*,A,P) 1  q ( 4 ,A,P)
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(4 .13)
(4 .14)
f o r  T €  R, and e v e ry  ( ( | ) , X , P ) 6 ‘X , where
Q(4,X,P) = J  |?* |2 dxdy + x(T - dxdy)
-  r P ( | 9 * | z  -  t2) dxdy (4.15)
Equivalence o f  Problem 4 to  th e  o t h e r  formula t ions  given here in  can be 
e s t a b l i s h e d .  Problem 4 i s  the  most general  (and l e s s  r e s t r i c t i v e )  one 
f o r  the  e l a s t i c - p l a s t i c  t o r s i o n  problem. Equivalent a l t e r n a t e  forms o f  
(4 .13) and (4 .14) a r e  given by
( L2.1) Find (<|),x,p) £  % such t h a t
p
B (({),'*) = (XjJ) , T -  2<t> dxdy = 0 , T E R  (4.16)
P J n
(|V<|.P -  x2)(P -  P) dxdy > 0 (4.17)
f o r  every ( ^ jX>p ) E  X .
Existence  and Uniqueness
Existence and uniqueness o f  s o lu t io n s  to  v a r i a t i o n a l  i n e q u a l i t i e s
have been e s t a b l i s h e d  by Lions and Stampacchia (1967) fo r  coerc ive  and
nonnegative forms. Since th e  v a r i a t i o n a l  i n e q u a l i t i e s  considered here 
a re  spec ia l  cases  o f  those  given by Lions and Stampacchia(1967),  
ex i s t en c e  and uniqueness o f  so lu t io n s  fo llow immediately.  Here we 
s t a t e  a theorem on th e  e x i s t en ce  and uniqueness o f  so lu t io n s  to  a 
general  v a r i a t i o n a l  i n e q u a l i t y .  Problem 1 i s  a spec ia l  case  o f  i t .
35
Theorem 1 (Exis tence  and Uniqueness).  Let B(u,v) be a b i l i n e a r  
form on H (no t  n e c e s s a r i l y  symmetric) s a t i s f y i n g  th e  c o n d i t io n s ,
( i )  |B (u ,v ) |  i C  | | u | |  l | v | |  fo r  u ,v  6  H ( c o n t in u i ty )  (4.18)
( i i )  |B (u ,u ) |  > p | | u | | 2  y > 0  ( c o e r s i v i t y )  (4.19)-
where H i s  a H i l b e r t  space with in n e r  product ( ( . , . ) )  and norm | | * | ( .  
Let K be a c losed  convex s e t  o f  H, and f  be an element o f  th e  dual H' 
o f  H. Then th e r e  e x i s t s  a unique s o lu t io n  to  th e  problem o f  seeking 
u e K such t h a t
B(u,v -  u) ^  ( f , v  -  u) f o r  V e  K (4.20)
where ( . , . )  denotes the  d u a l i t y  p a i r i n g  between H' and H.
Proof . Proof  o f  t h i s  theorem was given by Lions and Stampacchia
(.1967) using th e  f ixed  p o in t  theorem. Here we prove only  th e  unique­
ness.  Let u-| and Ug be the  s o lu t io n s  o f  (4 .20)  in  K. Then
B ( u ^ , V - u^) ^  ( f ,  v - u^)
B (ug,  V - Ug) ^  ( f ,  V -  Ug)
By s e t t i n g  v = Ug in the  f i r s t  and v = u-j in  th e  second and adding 
we have
■B(u-j - Ug, u  ^ “Ug) ^ 0  o r  B(u^ -  u^,  - Ug) £  0
In' view o f  the  c o e r c i v i t y  ( 4 .1 9 ) ,  i t  fol lows t h a t  jju^ -  Ug|| = 0 or
"1 = "2'
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.4 .2  Numerl cal  ' Procédure
Here we d e sc r ib e  th e  s o l u t i o n  procedure  f o r  Problems PI and P2. 
So lu t ion  procedures  f o r  Problems LI and L2 can be found in  Lanchon (1970, 
and 1974) and Glowinski and Lanchon (1973) .  In Problem 1 and 2, the  
convex s e t  K i s  unknown from the  numerical approximation po in t  o f  view.
An a l t e r n a t e  way to  f in d  the  elements o f  K i s  to seek elements from an 
e q u iv a len t  s e t ,  K def ined  by
K = {(j) 6 H^(fi): |(|)| <_ |#p |}  (4 .21)
wherein (j>p i s  determined by so lv ing  the  equat ion
l?*p |2  -  Tp = 0 (4 .22)
The modified problem enables  the  numerical s o lu t io n  o f  PI and P2, 
provided (4 .2 2 )  can be solved f o r  (&p.
Note t h a t  4p i s  the  s o lu t io n  o f  the  f u l l y - p l a s t i c  case .  Prager  
and Hodge (1951) and Nadai (1950) have g iven , in  connection with  the  
f u l l y - p l a s t i c  t o r s i o n  problem, a physical  c o n s t r u c t io n  o f  (j>p as a 
su r f a c e  o f  co n s tan t  s lope  belonging to  a given c ross  s e c t io n .  Nadai 
demonst ra ted ,  by means o f  s a n d h i l l s ,  th e  s o l u t i o n  to  th e  f u l l y -  
p l a s t i c  problem ( 4 .2 2 ) .  I t  i s  recognized t h a t  (4 .22) i s  a hyperbo l ic  
equat ion ( s e e ,  f o r  example, G e i r in g e r ,  1973),  and i t s  s o lu t io n  can be 
obta ined  by means o f  the  theory  o f  c h a r a c t e r i s t i c s .  Here, we e x p l o i t  
t h i s  idea to  c o n s t r u c t  the  numerical scheme to  so lve  Problems 1 and 2.
D e ta i l s  o f  the  methodology a r e  given in  Appendix,  The s o lu t io n  pro­
cedure can be summarized as fo l lows;
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( i )  Solve equa t ion  (.4.22) us ing  th e  theo ry  p resen ted  in  Appendix, 
( i i a )  When f  i s  given ( . l ike  i n  Problem PI) so lv e  equation  ( 4 .3 ) .
The f in i t e - d im en s io n a l  form (o r  numerical analog) o f  (4 .3 )  i s  ob ta ined
by the  use o f  th e  f i n i t e  element method:
W  = Pjj [{<!>}- p([K]{*} - {F})] (4 .23)
where K.jj i s  th e  s t i f f n e s s  m a t r i x ,  and Fj i s  th e  load v e c to r ,
K.j = B(N., Nj) , F. = ( f ,  N.)
Here denotes the  shape f u n c t i o n ,  and p|  ^ i s  th e  p ro j e c t io n  o p e r a t o r  
from f in i t e - d im en s io n a l  subspace S ^ c  H^(n) to  S^ll  K = K^. This i s  
e q u iv a len t  to  f in d in g  the  minimum o f  t h e  s e t  ( th e  q u a n t i t y  in  th e  
square b r a c k e t s ,  th e  s o lu t io n  o f  ( 4 . 2 2 ) ) .  Note t h a t  equat ion  (4 .23)  
must be solved i t e r a t i v e l y :  f o r  f  > 0
■ minj[{*}^ -  p([K]{4}^ - {F})] ,  {^p}^ (4 .24)
At th e  beginning o f  th e  i t e r a t i v e  procedure ,  one can choose as a 
zero v ec to r .
Ciib) When T i s  given ( l i k e  in Problem P2),  th e  same procedure
o u t l in e d  in  ( i i a )  must be fo llowed f o r  (4 .7 )^ ;
(* 'n+l " (4 .25)
where A? = (A^, N^), being the  t r i a l  va lue  a t  th e  m-th i t e r a t i o n  on
the  second equat ion  in  ( 4 .7 ) :
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V l  '  \  (9))
where {4^ } i s  the  converged s o lu t io n  o f  (4 .25)  f o r  and {g} i s  the  
v e c to r
g_. = I 2N. dxdy 
’ JQ ^
At th e  beginning o f  the  i t e r a t i o n  procedure,  a va lue  f o r  X i s  assumed 
and equat ion  [4 .25) i s  so lved  i t e r a t i v e l y  f o r  u n t i l  i t  converges .
Using {<j)| }^, one so lves  equat ion  (4 .26)  f o r  new . Using X^^ in 
( 4 .2 5 ) ,  one rep ea t s  th e  procedure  u n t i l  th e  d i f f e r e n c e  between two con­
se c u t iv e  i t e r a t i o n  va lues  o f  x d i f f e r  by a small p reass igned  va lue .
Note t h a t  equat ion  (4 .22) i s  so lved only  once f o r  a given problem. 
The convergence o f  th e  i t e r a t i v e  procedure in  s t e p  ( i i )  depends on the  
r e l a x a t i o n  parameters  p,  p^, p^ e t c .  More s p e c i f i c  comments w i l l  be 
made l a t e r .  The approximation e r r o r  f o r  4>, f o r  f ixed  X, i s  given by 
the  usual e r r o r  e s t im a te s  (see  Oden and Reddy, 1976):
■ 11*0 -  ♦ I I hMs!)
where 4^ i s  th e  exac t  s o l u t i o n ,  and 2m i s  th e  o rd e r  o f  th e  d i f f e r e n t i a l  
equa t ion .
4 .3  Numerical Resu l ts  
F i r s t  th e  c i r c u l a r  c r o s s - s e c t i o n  problem, f o r  which the  exac t  
s o lu t io n  i s  a v a i l a b l e ,  i s  solved using a l l  fou r  fo rmula t ions  P l . l ,  P2.1 ,  
L l . l ,  and L2.1.  The f i n i t e  element mesh i s  shown in  Fig.  4 .1a  (page 46) .  
A modified form o f  su ccess ive  o v e r - r e l a x a t io n  (SDR) method i s  used to 
ob ta in  the  s o lu t io n  and tp=l i s  used in  a l l  problems.
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The r e s u l t s  a r e  shown in  Tables 4 . 1 - 4 . 3 .  Formulations  P l . l  and 
P2.1 (p resen t}  give  more a c c u ra te  r e s u l t s  f o r  $ compared to  th ose  obta ined  
by fo rmula t ions  L l . l  and 12 .1 .  However, the  square o f  th e  g ra d ie n t  o f  
i s  more a c c u r a t e ly  computed by fo rm ula t ions  L l . l  and L2.1.  This i s  ex­
pected s in ce  in  th e  l a t t e r  case  the  g r a d i e n t  c o nd i t ion  i s  included as 
p a r t  o f  the  problem and t h e r e f o r e  i s  s a t i s f i e d  more c l o s e l y .  However, 
fo rmula t ions  L l . l  and L2.1 took more computational t ime (a lmost twice) 
compared to  fo rm ula t ions  P l . l  and P2.1 .  Table  4 .4  shows the  s o lu t io n  fo r  
th e  r e f in e d  mesh shown in  Fig.  4 .1b .  The e l a s t i c - p l a s t i c  t o r s i o n  so lu ­
t i o n  f o r  f  = 4 us ing  mesh (a ) gives  a to rque  o f  T = 0.49146. The e l a s t i c  
t o r s i o n  problem i s  solved using f  = 4 .0  and a l so  using T = 0.49146, and 
th e  s o lu t io n s  a r e  p lo t t e d  along with th e  e l a s t i c - p l a s t i c  s o lu t io n  in Fig. 
4 .2 .  Note t h a t  th e  e l a s t i c  s o lu t io n  given by the  a p p l ied  to rque  T =0.49146 
i s  r e d i s t r i b u t e d  due to  th e  co n s ta n t  s lope  o f  4>in th e  p l a s t i c  reg ion .
The choice o f  the  a c c e l e r a t i o n  parameter p i s  very  important fo r  
numerical convergence o f  th e  s o l u t i o n .  I t  was shown by Young (1971) t h a t  
th e  a c c e l e r a t i o n  parameter in  the  SOR method f o r  p o s i t i v e  d e f i n i t e  l i n e a r  
equat ions  should be such t h a t  0< p<2 f o r  convergence.  To f ind  the  op­
timum value o f  in  (4 .24)  on the  convergence,  we so lved  th e  e l a s t i c -  
p l a s t i c  to r s io n  o f  a c i r c u l a r  s h a f t  f o r  va r ious  values  o f  p^. Figure 4 .3  
shows vs .  th e  number o f  i t e r a t i o n s  f o r  va r ious  va lues  o f  p^ between 
zero and two. However, p^ = l i s  th e  b e s t  va lue  f o r  t h e  problem and p^ 
tends to  in c re a s e  as the  mesh parameter h decreases .  Optimum value  
appears  to  be th e  maximum one which gives  monotonie convergence.
In th e  case  o f  p^. Young's e s t im a te  i s  not  v a l i d .  In our  t e s t s  we 
found t h a t  p^ around 4 .0  g ives  the  f a s t e s t  r a t e  o f  convergence.  Fig.  4.4a 
shows the  log  o f  the  d i f f e r e n c e  between values  o f  A in  two consecutive
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i t e r a t i o n s  a g a i n s t  the  number o f  i t e r a t i o n s .  S i m i l a r l y ,  i t  i s  found 
t h a t  pp around 0 .5  gives  the  f a s t e r  convergence f o r  P, th e  Lagrange 
m u l t i p l i e r .  Figure  4.4b shows the  log o f  the  d i f f e r e n c e  between values 
o f  P in  two consecu t ive  i t e r a t i o n s  a g a i n s t  th e  number o f  i t e r a t i o n s .  
F in a l ly ,  Fig.  4 .4c  shows th e  t o t a l  number o f  i t e r a t i o n s  requ i red  f o r  
convergence a t  m^^ i t e r a t i o n  on X and P f o r  a l l  fou r  formula t ions  ( f o r  
c i r c u l a r  c ross  sec t io n )  us ing p. = 1 . 7 ,  p = 4 .0  and p = 0 .5 .
9  A  p
Using fo rmula t ion  P l . l  severa l  o th e r  examples a r e  solved. These 
inc lude :  square  c ross  s e c t i o n ,  L-shaped c ross  s e c t i o n ,  and square 
c ross  s e c t i o n  with  a s l i t .  We have used f  = 2Ge = 2, 4 ,  and 6 to  compute 
the e l a s t i c - p l a s t i c  s o lu t io n .  B iaxia l  symmetry in  the  square  c ross  
s ec t io n  case ,  and ax ia l  symmetry in  the  square  c ro s s  s e c t io n  with a 
s l i t  case  a r e  used in  th e  f i n i t e  element a n a l y s i s .
Figure  4 .5  shows the  f i n i t e  element mesh, and e q u i - s t r e s s  func t ion  
l i n e s  f o r  f  = 2,  4 ,  and 6 f o r  the  square  c ross  s e c t io n  problem. Figure 
4.6a shows the  nonuni form f i n i t e  element  mesh f o r  the  L-shaped c ross  
sec t ion  and e q u i - s t r e s s  func t ion  l i n e s  f o r  f  = 2 ,  4 ,  and 6. The shea r  
s t r e s s  d i s t r i b u t i o n  i s  shown in  Figure  4 .6b .  F i n a l l y ,  Figure 4 .7  
shows th e  nonuniform mesh f o r  h a l f  t h e  domain, e q u i - s t r e s s  func t ion  
l i n e s  and th e  shear  s t r e s s e s  f o r  f  = l ,  2 and 4.  The propagation o f  
p l a s t i c  region with  in c re a s in g  f  can be seen from Figure 4 .8 .
Here we presented  va r ious  v a r i a t i o n a l  fo rmula t ions  o f  the  e l a s t i c -  
p l a s t i c  t o r s io n  problem. KTe chose f o r  numerical c a l c u l a t i o n  the  
p ro je c t io n a l  form o f  the  formula t ion  which i s  based on the  proof o f  
e x i s t en ce  and uniqueness  o f  s o l u t i o n s .  The f u l l y - p l a s t i c  equation 
(4.22). i s  solved f o r  (J)p by means o f  t h e  theory  o f  c h a r a c t e r i s t i c s  and
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then an i t e r a t i v e  procedure i s  employed to  so lve  t h e  f i n i t e  element 
analog o f  equat ion (4 .3 )  f o r  p. A number o f  numerical examples a re  
p resented  to  show th e  f e a s i b i l i t y  and e f f e c t i v e n e s s  o f  the  p re sen t  
method.
As in d ic a te d  in  Sec t ion  4 .2 ,  th e  choice  o f  the  a c c e l e r a t i o n  
parameter p i s  very  c ru c ia l  in  ob ta in in g  convergent  s o l u t i o n s .  A 
working value o f  p i s  ob ta ined  by t r i a l  in th e  p re s e n t  i n v e s t i g a t i o n .  
Lack o f  t h e o r e t i c a l  bounds,  analogous to  those  e s t a b l i s h e d  by Young 
(1971) f o r  p o s i t i v e  d e f i n i t e  l i n e a r  eq u a t io n s ,  on p in  th e  p re sen t  
case  n e c e s s i t a t e d  numerical  i n v e s t ig a t i o n  o f  t h e  in f lu e n c e  o f  p on 
the  convergence.  Thus, t h e r e  e x i s t s  a need to  f i n d  t h e o r e t i c a l  bounds 
on p f o r  n o n -p o s i t iv e  d e f i n i t e  forms.
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(a)
(b)
F igure  4.1 Mesh f o r  c i r c u l a r  c ro s s  s e c t i o n  w i th  r= 1 .0 .
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— • f u l l y  p l a s t i c  s o l u t i o n  •
— è l a s t i c  s o l u t i o n  ( f= 4 .0 )  
e l a s t i c  s o l u t i o n  (T=0.4915) 
- O — e l a s t i c - p l a s t i c  s o l u t i o n  
( f=4 .0 ,T=0.4915)
a. 4
r0 ,0  0.1 0 .2  0 .3  0 . 4  0 .5  0 .6  0 .7  0 .8  0 .9  1 .0
F igu re  4.2  Comparison o f  e l a s t i c  and e l a s t i c - p l a s t i c  
s o l u t i o n  f o r  c i r c u l a r  c ro s s  s e c t i o n .
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Table 4.1
Comparison o f  <t> by va r ious  fo rmula t ions  f o r  c i r c u l a r  c r o s s - s e c t i o n
.M e th o d Exact
Method
P l . l
Method
L l . l
Method
P2.1
Method
L2.1
0 .0 0.75 0.7564 0.7374 0.7564 0.7362
0.25 0.6875 0.6884 0.6703 0,6884 0.6695
0.5 0 .5 0.5 0.4909 0.5 0.4911
0.75 0.25 0.25 0.2469 0.25 0.2470
1.0 0 .0 0 .0 0 .0 0 .0 0.0
Comparison o f  to rque  and the  lagrange m u l t i p l i e r *
T. 0.5072 0.4915 0.4748 (0.4915) (0.4748)
X 4 .0 (4 .0) (4 .0 ) 4.0003 3.9784
* va lues  in  p a re n th e s i s  i n d i c a t e  s p e c i f i e d  values
Table 4.2
Comparison of|TV^by var ious  fo rmula t ions  f o r  c i r c u l a r  c r o s s - s e c t i o n
Exact
Method
P l . l
Method
L l . l
Method
P2 . 1
Method 
12.1
0.125 0.0625 0.3099 0.3112 0.3097 0.3094
0.375 0.5625 0.7801 0.7610 0.7802 0.7568
0.625 1.0 1.0195 0.9999 1.0195 ' 1.0005
0.875 1.0 1.0125 1.0001 1.0125 1.0003
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T able  4 ,3
Comparison o f  percentage  e r r o r s  in various  fo rm ula t ions  f o r  c i r c u l a r
c r o s s - s e c t i o n  bar
Quantity Method PI ,1 Method L l . l Method P2.1 Method L2.1
(f>max 0.0086 0.0168 0.0086 0.0184
X 0.0 0.0054
T 0.031 0.0639 0.031 0.0639
Table 4 .4
Comparison o f  s o l u t i o n  ^ f o r  c i r c u l a r  c r o s s - s e c t i o n  w i th  f i n e  mesh
( f  = 4)
r
Method
0
P l . l
T
Exact So lu t ion
T
0 .0 0.7498 0.1082 0.75 0.1
0.1 0.7390 0.2962 0.74 0.3
0.2 0.7094 0.4960 0.71 0.5
0 .3 0.6598 0.6975 0.66 0 .7
0 .4 0.5900 0.9002 0.59 0 .9
0.5 0.5 1.0 0.5 1.0
0 .6 0.4 1.0 0 .4 1.0
0 .7 0.3 1.0 0 .3 1.0
0 .8 0.2 1.0 0 .2 1.0
0,9 0.1 1.0 0,1 1.0
1.0 0.0 1.0 0 .0 1.0
46
* max
0 .9
0.8
0.6
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Figure  4 .3  In f lu en c e  o f  t h e  a c c e l e r a t i o n  pa ram e te r  on
t h e  convergence o f max
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Figure  4 .4a  Convergence o f  X.
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Figure  4 .4b  Convergence o f  p,
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Figure  4 .4c  The number o f  t o t a l  i t e r a t i o n s  a t  t h e  m-th s t e p .
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F ig u re  4 .5  E q u i - s t r e s s  fu n c t io n  l i n e s  and y ie ld e d  p o r t io n  f o r  square
c r o s s  s e c t i o n .  + shows y ie ld e d  nodes .
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& / /A / / / /m 1.0
•1 . 0 -
g
f+ 2 .0
f= 4 .0 f=6 .0
4 .6 a  E q u i - s t r e s s  f u n c t i o n  l i n e s  and y i e l d e d  p o r t i o n  f o r  L-shaped
c r o s s  s e c t i o n  .
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4 .6 b  The s h e a r  s t r e s s  d i s t r i b u t i o n  f o r  L -shaped c r o s s  s e c t i o n  .
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4.77 E q u i - s t r e s s  f u n c t i o n  l i n e s ,  s h ea r  s t r e s s  d i s t r i b u t i o n  and 
y i e l d e d  nodes f o r  square  c ro s s  s e c t i o n  w i th  s l i t  .
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4 .8  P l a s t i c  r e g io n s  f o r  v a r io u s  c ro s s  s e c t i o n s
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CHAPTER V
A COMPARISON OF A PENALTY FINITE ELEMENT MODEL 
WITH THE STREAM FUNCTION-VORTICITY MODEL 
OF NATURAL CONVECTION IN ENCLOSURES
5.1 Penal ty  and Stream F u n c t io n -V o r t ic i ty  Formulation
For th e  governing equations  o f  na tura l  convection in  enclosures  
defined in  Chapter I I ,  we now give two fo rm u la t io n s ,  one based on the 
p r im i t iv e  v a r i a b l e s  equa t ions  ( 2 . 7 ) - ( 2 . 1 0 ) ,  and the  o th e r  based on the  
stream fu n c t io n  and v o r t i c i t y  equations  ( 2 . 1 8 ) - ( 2 . 2 0 ) .  I t  i s  conven­
i e n t  to r e c a s t  th e se  equat ions  in terms o f  th e  normalized ( i . e . ,  non- 
dimensional i zed) v a r i a b l e s .  We use here  two d i f f e r e n t  normal iza t ions  
( i  = 1 ,2 ) :
x = x ' d ,  y  = y ' d ,  u = u 'U^, v = v 'U^, 9 = (T-T^)/(Tp^-T^)
P = P'U? Q,pU^ = a^./d, 
where a-j = a ,  and ag = v ,  and the  q u a n t i t i e s  w i th  primes denote  the  non- 
dimensional v a r i a b l e s .  For the  sake o f  b r e v i t y ,  we sh a l l  omit the  
primes in th e  fo l lowing .
5 .1 .1  Pena l ty  Formulation
The pena l ty  fu n c t io n  concept o f  Courant (1956) involves  the reduc­
t io n  o f  v a r i a t i o n a l  problems which a re  posed as cond i t iona l  extremum
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problems to  v a r i a t i o n a l  problems w i thou t  th e  c o n s t r a in t s  by th e  i n t r o ­
duction  o f  a pena l ty  fu n c t io n a l  a s s o c ia t e d  with  the  c o n s t r a i n t s .  The 
concept has been known f o r  a long t ime,  and a t  p r e s e n t ,  many i n v e s t i g a ­
t i o n s  a r e  devoted to  th e  e x p l o i t a t i o n  o f  th e  concept to  o th e r  s i t u a t i o n s  
and a p p l i c a t i o n s  t o  p a r t i c u l a r  problems. Zienkiewicz (1974),  guided by 
the  analogy between nea r ly  incompress ib le  e l a s t i c i t y  and S tokes '  problem, 
suggested th e  a p p l i c a t i o n  o f  th e  p en a l ty  method t o  viscous incompress ib le  
flow problems; the  i n c o m p r e s s ib i l i t y  cond i t ion  was t r e a t e d  as th e  con­
s t r a i n t  ( e . g . ,  Heinrich e t  a l . ,  1978, Marshall e t  a l . ,  1978 and Reddy, 
1978). Another m od if ica t ion  was suggested r e c e n t ly  by Reddy (1979b ,c ) ,  
who t r e a t e d ,  in  o rde r  t o  in t ro d u ce  th e  st ream func t ion  in to  th e  primary 
c a l c u l a t i o n s ,  the  s tream f u n c t i o n - v e l o c i t y  r e l a t i o n s  along with  the  i n ­
c o m p re s s ib i l i t y  cond i t ion  as c o n s t r a i n t s .  The formula t ion  p resen ted  by 
Reddy (1979b,c) appears  to  be th e  b e s t  way to  desc r ibe  the  pena l ty  
formula t ion o f  na tura l  convection in  enc losu re s .
The pena l ty  method seeks to  s a t i s f y  th e  c o n s t r a i n t  cond i t io n s  in  a 
l e a s t - s q u a r e  sense .  Applied t o  t h e  problem a t  hand, i . e .  f in d  th e  so lu ­
t io n  (u ,v ,P ,T )  to  equation ( 2 . 7 ) - ( 2 . 10) su b je c t  to  th e  c o n s t r a i n t  condi­
t i o n s  in  (2 .7 )  and ( 2 .1 6 ) ,  th e  pena l ty  method seeks s o lu t io n s  to  th e  
v a r i a t i o n a l  problem,
6 I ( u , v , ^ , 8 )  = 6 I q ( u ,v , 6 ) + 5 G ( u ,v , i | ; )  = 0  ( 5 , 2 )
where u , v , ^ ,  and 8 a re  th e  nondimensional v a r i a b l e s ,  and 
6 ip ( . u , v ,* , e )  = I  I  l A M - p ^ R ^ e ]  6u + p^l2 I f  ^  +
+ ( 5 .3 )
+ A(v)6v + A ( 8 ) « e +  + dxdy
(  6v ds -  [ q68 ds
•y J a n i T
Î  6 u ds -  
aolu * 3filv  ^ W I
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(5 .4 )
Here i s  the  Prandt l  number, R, i s  t h e  Rayleigh number,
I a
Pr = v / a  , Rg = 96d3(Th -  t ^ ) / v a  , (5 .5 )
and e-j and Eg a re  th e  pena l ty  parameters  ( f o r  no rm al iza t ion  i = 1 ) .
Note t h a t  in  th e  pena l ty  method, th e  p re s su re  does not appear .  
This i s  because th e  p re s su re  i s  the  Lagrange m u l t i p l i e r  a s s o c ia t e d  with 
the  i n c o m p r e s s ib i l i t y  c o n s t r a i n t ,  which i s  s a t i s f i e d  only  in  a weak 
sense in  the  pena l ty  method. However, th e  Lagrange m u l t i p l i e r  can be 
computed in the  pena l ty  method by (see  Polyak, 1971)
Pe = I k f  + l ü f  ) •
Convergence o f  th e  s o lu t io n  (u^,  v^,  P^, e^) o f  th e  pena l ty  formu­
l a t i o n  to  the  t r u e  s o lu t io n  (as  e -> «>) can be proved (see  Bercovie r ,  
1978 and Reddy, 1979a, 1980b).
5 .1 .2  Stream F u n c t io n -V o r t ic i ty  Formulation
In terms o f  th e  nondimensional v a r i a b l e s ,  equat ions  (2 .18)-(2 .2G) 
can be expressed as
-vH  = b L j ( * , ; )  + c^ . l y  ,
= Ç. (5 .7 )
-7^9 = a.jJ(ij^,0) .
where ( a ^ , b ^ , c . )  denote the  c o e f f i c i e n t s  f o r  th e  two types  o f  nondimen­
sional  i z a t i o n s :
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( a p b p C ^ )  = 0 , l / P r , R a ) ,  (ag .bg.Cg) = ( P r ,1 ,G r ) .  (5 .8 )
Here Gr denotes  the  Grashoff  number, Gr = Ra/Pr.  The v a r i a t i o n a l  f o r ­
mulation o f  equa t ions  (5 .7 )  i n d i c a t e s  t h a t  one o f  e ,  ç, and be s p e c i -  ■ 
f i e d  on p o r t i o n s  o f  boundary.  I t  i s  now a common p r a c t i c e  (s ee  Tabarrok, 
1977) t o  approximate th e  boundary va lues  o f  ç us ing th e  second equat ion  
in  ( 5 . 7 ) .  The Taylo r  s e r i e s  expansion i s  employed to  express  the  st ream 
fu n c t io n  i n s i d e  t h e  domain in  terms o f  i t s  va lues  on th e  boundary:
U n ) +  l ( ^ )  
w 9n^
(An)^+ . . . , (5 .9)
w
where ( . ) | ^  i s  th e  va lue  a t  th e  wall o f  th e  e n c lo su re ,  and An i s  the^
normal d i s t a n c e  from th e  wall to  a p o in t  (o r  node) i .  Using ç = ------ %
and no t ing  t h a t  if;^ = c o n s t a n t  = 0 along the  s o l i d  wall  o f  the  e n c lo su re ,  
we o b ta in  (om i t t ing  th e  h ig h e r  o rd e r  terms in equat ion  ( 5 . 9 ) ) ,
. (5 .10)
(An)'
The v a r i a t i o n a l  fo rm ula t ion  o f  equat ions  (5 .7 )  i s  given by 
B ( ? ,D  = b .J (i{ ; ,ç ;?)+c^.Q(ç) ,
B(i|),liJ) = R(1F) , (5.11)
8(6,"8) = a^.J(i|j,0;¥) ,
where
B(p,q) =
Ü(|xlx'^ly
J ( p , q ; f )  = J ( p ,q )  f  dxdy 
Jo
Q(s) ;  dxdy , R(*) çif) dxdy
(5 .1 2 )
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Here we assumed t h a t  th e  boundary values  o f  t|;, ç,  and e a re  s p e c i f i e d .
5.2  F in i te -E lem en t  Formulations
5.2 .1  P e n a l t y - F i n i t e  Element Model
In the  p ena l ty  method, we d i s c r e t i z e  t h e  reg ion  occupied by the  
f l u i d  i n t o  a f i n i t e  s e t  o f  su b reg io n s ,  c a l l e d  f i n i t e  e lements .  We con­
s i d e r  a ty p ic a l  f i n i t e  e lement,  0^ ,  and develop the  f i n i t e  e lement  
equat ions  corresponding to  t h e  equa t ions  ( 5 . 2 ) - ( 5 . 4 ) .  We assume the  
fo llowing i n t e r p o l a t i o n  o f  t h e  v a r i a b l e s  (u,v,i | ) ,0) over the  element 0^:
u = 2 u .N . [x ,y )  , V = zV jN . (x ,y ) ,  jI> = z%yN.(x,y),  e = ze .N . (x ,y ) ,  (5 .13)
wherein N.(x ,y )  a r e  the  i n t e r p o l a t i o n  (o r  shape) fu n c t io n s ,  which depend 
on th e  type  o f  element chosen, and u . , v ^ , ^ ^ ,  and 0^  a re  th e  values  o f  th e  
fu n c t io n s  ( u , v , ^ ,  and 0) a t  t h e  i - t h  node o f  t h e  element .  In th e  p re s e n t  
paper a b i l i n e a r  q u a d r i l a t e r a l  e lement  (with  fou r  nodes) i s  used.
Since  t h e  v a r i a t i o n a l  fo rm ula t ion  (5 .2 )  i s  v a l i d  in  S2, i t  i s  v a l i d ,  
in p a r t i c u l a r ,  in  with  t ^ ,  t ^  and q assumed, f o r  the  moment, to  be 
known on the  element boundary. S u b s t i t u t i n g  (5 .13) i n to  t h e  element 
equat ion  corresponding to  (5 .2 )  we o b ta in  ( c o l l e c t i n g  t h e  c o e f f i c i e n t s  
o f  6Uj, ôVj, and 60^) ,
e ,  _
where
= {F=} , [C : ]{8 :}  = {Q=} ,
[K®] =
[H*] + siCS*] + EzCS]
P r [ s* y ]  + : . [s%y]T
(5 .14)
■e2[s“^ ]  ■ 
C2CS“ ] , 
C 2 [ S W ]
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c®. = + s { .  , A . .  = f N.A(N.) dxdy , [S ]= [S °° ] ,
1 j  i j  *J i J  . Î2
s f !  = f N, ^N, dxdy , ( ç ,n  = o .x .y )  , s f f  = s f . .  e t c .
IJ Jo J
e
" i j  “ ■ " i j  '  ' ' i j  *  *  S{j) ,,
{F®} = { F f . F ^ /  , (A®) = ( u , . V i , * , } T  , ( e ® } : { e , } T .
F{ = P-R. f  0N, dxdy + f t  N, ds , (5 .15)
F% = f .  t  N ds . q® = f  qN. d s .
’ ^  Jaa®T
Note t h a t  th e  m a t r ix  [A] i s  computed assuming t h a t  u and v a r e  known ^  
p r i o r i , n e c e s s i t a t i n g  th e  use o f  an i t e r a t i v e  procedure  f o r  t h e  s o l u t i o n
o f  the  assembled eq u a t io n s .  By s e t t i n g  Eg to  z e ro ,  one ob ta in s  from
equat ion ( 5 .1 4 ) ,  t h e  p e n a l ty  f i n i t e - e l e m e n t  model p resen ted  by Heinrich 
(1978) and Reddy and Mamidi (1978).
5 .2 .2  Stream F u n c t io n - V o r t i c i ty  F i n i t e  Element Model
Using i n t e r p o l a t i o n  o f  th e  form in equation (5 .13) in  equa t ions  
( 5 .1 1 ) ,  we o b ta in  [B® -  b.jJ®]{ç®} = {F^®} ,
[B®]{(.®> = (pZ®) , (5 .16)
[B® -  a.jJ®]{6®} = {0} ,
where B®j = B(N^,Ny) , J®j = J (^ ,N ^ ;N j)  ,
,  .  C5.17)
Fj = ®iP(Nj) ® i ®  = R(N.),
6 0
and J ( . Q ( . ) ,  and R( .)  a re  given by equat ion  ( 5 .1 2 ) .
5 .2 .3  Computational Procedure
The element equat ions  in  (5 .14) and (5 .16) a r e  assembled in  the  
usual manner to  ob ta in  th e  a s s o c ia te d  global m a t r i c e s .  However, th e se  
matr ix  equations  a re  n o n l in e a r  and re q u i re  i t e r a t i v e  p rocedures .  The 
fo llowing i t e r a t i v e  procedure  i s  employed in  the  p re s e n t  s tudy .  At the  
beginning o f  t h e  f i r s t  i t e r a t i o n  th e  matr ix  c o e f f i c i e n t s  a re  computed 
assuming t h a t  th e  v e l o c i t y  vec to r  i s  zero .  Then th e  tempera ture  equa­
t i o n  i s  solved f o r  {e}. Using th e  computed tem pera tu re ,  the  v e lo c i ty  
and stream func t ion  equat ions  a r e  so lved , completing one cyc le  o f  i t e r ­
a t i o n .  Using the  v e l o c i t y  ( and /o r  stream fun c t io n )  f i e l d  ob ta ined  in  
the  previous i t e r a t i o n ,  m a t r ix  c o e f f i c i e n t s  f o r  the  next  i t e r a t i o n  a r e
computed and th e  procedure  i s  repeated  u n t i l  the  Euclidean norm o f  the
d i f f e r e n c e  o f  th e  s o l u t i o n s  a t  any two success ive  i t e r a t i o n s  becomes 
s u f f i c i e n t l y  small ( s a y ,<10"^).  In the  p re sen t  study we used , to  a c c e l e ­
r a t e  th e  convergence,  a weighted sum o f  the  v a r i a b l e s  in  computing the  
m atr ix  c o e f f i c i e n t s  f o r  th e  next i t e r a t i o n .  For example, a t  t h e  end o f  
r - t h  i t e r a t i o n  we have,  0 < p ^ ,p 2 < 1 ,
{u}* = Pi{u}p + (1-Pi){u}p_i , (5 .18)
{6}* = pzfGlp + (1-P2){8}r_i  .
One can t r a n s f e r  th e  n on l inea r  (convective)  terms to  the  r i g h t  
s ide  o f  the  equat ion and assume t h a t  i t  i s  known from th e  previous  i t e r ­
a t i o n .  This gives a c o n s ta n t  c o e f f i c i e n t  m a t r ix  and saves computational 
t ime in  recomputing the  c o e f f i c i e n t  matr ices  during each i t e r a t i o n .  
However, t h i s  procedure i s  found to  r e s u l t  in d iv e rg e n t  s o lu t io n s  even
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f o r  moderately high Rayleigh numbers.
The a lg e b ra ic  complexity and th e  n o n lin ea r  n a tu re  o f  th e  m a tr ices  
in  equation  (.5.14) fo rces  one to  use numerical in t e g r a t io n  to  e v a lu a te  
various  m atrix  c o e f f i c i e n t s .  Another reason which n e c e s s i ta te s  th e  use o f  
numerical in t e g r a t io n  i s  th e  "reduced in te g r a t io n "  re q u ired  by th e  pen a lty  
method. To e s t a b l i s h  the  e x is te n c e  and uniqueness o f  s o lu t io n s ,  th e  
p e n a l t y - f i n i t e  elem ent approximations should s a t i s f y  th e  c o n t in u i ty  and 
c o e r c iv i ty  c o n d it io n s  o f  a g e n e ra l iz ed  Lax-Milgram theorem (see  Oden and 
Reddy, 1976). These c o n d it io n s  a re  s a t i s f i e d  by the  p e n a l ty  f in i te - e le m e n t  
approxim ations, provided th e  param eter appearing  in  th e  c o e r c iv i ty  condi­
t io n  i s  independent o f  the  mesh s i z e .  That i s ,  th e  f i n i t e  element chosen 
fo r  th e  pen a lty  method must be such t h a t  t h i s  param eter does no t depend 
on th e  mesh s i z e .  I t  i s  found t h a t  ( s e e  Z ienkiew icz, T ay lo r and Too, 1971) 
numerical in te g r a t io n  o f  m atr ix  c o e f f i c i e n t s  a s s o c ia te d  with the  pen a lty  
fu n c tio n a l G(u,v^p)with one l e s s  number o f  Gaussian p o in ts  ( in  each d i r e c ­
t io n )  w il l  ensure  t h a t  the  param eter i s  independent o f  th e  mesh s i z e .  
F u r th e r  study in  t h i s  d i r e c t io n  seems to  be necessa ry .
A l te rn a te  bu t more d i r e c t  ex p lan a tio n  o f  t h i s  l a t t e r  o b serv a tio n  i s  
a lso  given he re . The p e n a l t y - f i n i t e  element equation  (5.14)-j has the  
form (e^ = Eg = c ) ,
([K^] + eCKg])!*} = {F> . (5 .19)
As £ i s  in c reased  to  a la rg e  value ( in  an a ttem pt to  s a t i s f y  the  con­
s t r a i n t s  more c lo s e ly ) ,  the  magnitude o f  [K-|] in  comparison to  sEKg] 
becomes n e g l ig ib le  in  th e  computer, and we have
eCKgJlA} = {F} , o r  [KgJiA} = 7  {F} • (5 .20)
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This im plies  t h a t  as e i s  made l a r g e r  and l a r g e r ,  on ly  c o n s t r a in t  equa­
t io n s  a re  l e f t  (which r e s u l t s  in  a t r i v i a l  s o lu t io n  s in c e  e"^~0), and 
th e  c o n t r ib u t io n s  o f  co n se rv a tio n  o f  momentum and energy a re  l o s t .  To 
circumvent t h i s  d i f f i c u l t y  two th in g s  must be done. F i r s t ,  t h e  magnitude 
o f  e must be such t h a t  th e  m a tr ix  [K^l i s  n o t  n e g l ig ib ly  small compared
to  [Kgl. Second, the  m a tr ix  [Kg] must be s in g u la r  so t h a t  th e r e  a re
fewer c o n s t r a in t  equa tions  than th e  number o f  unknowns. This can be 
achieved by us ing  reduced in te g r a t io n  on th e  elements o f  [Kgl. That i s ,  
th e  s tan d a rd  2x2 Gauss r u le  must be used to  ev a lu a te  th e  elements o f  [K-j], 
whereas only  a 1x1 Gauss r u le  must be used to  e v a lu a te  th e  elements o f
O
[Kg]. A va lue  o f  = eg = e = 10 was used in  a l l  problems d iscu ssed  he re .
5 .3  Numerical R esu lts  and D iscussion
In any approxim ate method, physics  o f  th e  problem p lays  a c ru c ia l  
r o le  in  c o n s t ru c t in g  a reasonab le  approxim ation . The f i n i t e  element 
method i s  no ex cep tio n .  For example, one needs to  v i s u a l i z e ,  using 
physica l arguments, p o s s ib le  flow and tem perature  p a t te r n s  in  an enclo­
sure  in  o rd e r  to  la y  a mesh t h a t  can reasonab ly  approximate what i s  
i n t u i t i v e l y  expec ted . In th e  case  o f  high-Rayleigh-number flows in  
r e c ta n g u la r  e n c lo s u re s ,  a boundary l a y e r  appears (due to  th e  n o - s l ip  
boundary c o n d i t io n )  a t  th e  w a l l s .  S ince  th e  boundary la y e r  in f lu en c es  
the  behav io r o f  th e  core  re g io n ,  i t  must be modeled adequa te ly  by em­
ploying  re f in e d  mesh a t  th e  w a l l s .  Another im portan t c o n s id e ra t io n ,  
when using  an approximate method, i s  in  th e  s p e c i f i c a t io n  o f  p h y s ic a l ly  
r e a l i s t i c  boundary c o n d it io n s  o f  th e  problem a t  hand. In th e  pen a lty  
fo rm u la t io n ,  a l l  physica l boundary c o n d i t io n s  can be handled w ith o u t  
d i f f i c u l t y .
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Here we compare th e  numerical r e s u l t s  ob ta ined  by th e  p e n a l t y - f i n i t e  
elem ent model and th e  stream f u n c t i o n - v o r t i c i t y  f i n i t e  elem ent model fo r  
f r e e  convection  in  re c ta n g u la r  e n c lo s u re s .  The r i g h t  and l e f t  v e r t i c a l  
w a lls  o f  th e  en c lo su re  a re  m ain ta ined , r e s p e c t iv e ly ,  a t  cold  and h o t  
(8g = - . 5 , 8 h =  .5 ) tem p e ra tu res ,  and th e  top  and bottom ( h o r iz o n ta l )  w a lls  
a r e  e i t h e r  in s u la te d  o r  have s p e c i f i e d  tem pera tu re  v a r ia t io n s  (se e  Figure 
5 .1 ,  page 73). The models a re  compared f o r  r e l a t i v e  accuracy and compu­
ta t i o n a l  time. S ince most o f  th e  p revious i n v e s t ig a to r s  p resen ted  r e s u l t s  
in  g raph ical form, i t  i s  not p o s s ib le  to  compare th e  p re se n t  r e s u l t s  quan­
t i t a t i v e l y .  However, p re sen t  r e s u l t s  a r e  compared f o r  N usse lt  numbers, 
v o r t i c i t y  and stream  fu n c tio n  va lues  w ith  th o se  a v a i l a b le  in  th e  l i t e r a t u r e .
F i r s t ,  th e  e f f e c t  o f  th e  two no rm a liza t io n s  mentioned e a r l i e r  on the  
numerical convergence was s tu d ie d .  N orm alization  1 ( i  = 1) was used in  both 
models, w hile  N orm alization 2 ( i  = 2) was used only  in  th e  s tream  fu n c t io n -  
v o r t i c i t y  model. All o f  th e  c a lc u la t io n s  were c a r r i e d  in  double p re c is io n  
on an IBM 370/158 computer. I t  was found t h a t  th e  use o f  N orm alization 2 
p re se n ts  convergence problems f o r  R a>10^ and P r < l .  The numerical pro­
cedure used th e re  employed th e  c o n s ta n t  c o e f f i c i e n t  m a tr ix ,  t r e a t i n g  {F^} 
in  equation  (5 .16) as known from th e  p rev ious i t e r a t i o n .  The slow con­
vergence (o r  d ivergence) i s  a d i r e c t  r e s u l t  o f  t h i s  numerical p rocedure , 
which y ie ld s  numerical so lu t io n  p ro p o r t io n a l  to  Cg (o r  in v e r s e ly  to  the  
Prandtl number). Thus any e r r o r  in  38/By i s  am p lif ie d  in  t h i s  procedure 
and leads  to  non-convergent s o lu t io n .  N orm alization  1 was found to  give 
f a s t e r  convergence, even f o r  l a r g e  Rayleigh numbers, f o r  both fo rm u la t io n s .
Next, a p e n a l t y - f i n i t e  element model w ith  s tream  fu n c tio n  inc luded  
in  th e  model [ i . e . ,  C g /O ) was compared w ith  th e  p e n a l t y - f i n i t e  element 
model w ithou t stream  fu n c tio n  ( i . e . ,  The model problem used was
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t h a t  o f  a square  c a v i ty  w ith  top and bottom w a lls  in s u la te d .  A 12x12 
mesh o f  l i n e a r  e lem ents  (see  F ig . 5 .1) was used in  both  models. The 
v o r t i c i t y  was computed a t  th e  Gauss p o in ts  in  both models. The stream 
fu n c tio n  in  th e  second model ( e 2 = 0) was c a lc u la te d  using  equation  (2 .1 7 ) ,  
in  which th e  v e l o c i t i e s  a re  known from th e  primary c a l c u l a t i o n s .  I t  i s  
c l e a r  from Fig . 5.1 t h a t  th e  r e s u l t s ,  f o r  iso therm s and s tre am lin es  ( f o r  
Ra = 10 , Pr = 10 ) ,  ob ta ined  by th e  two models a re  i d e n t i c a l .  However, th e  
computational tim e req u ired  by th e  f i r s t  model ( e 2 ^ 0 ) i s  about f i f t y  
p ercen t more than t h a t  req u ired  by th e  second model ( e 2 = 0 ) .  For t h i s  
reason , th e  remaining problems were analyzed using th e  second model (^2  = 0) 
The e f f e c t  o f  th e  Rayleigh number ( f o r  f ix ed  Prandtl number) on the  
v e lo c i ty  and tem pera tu re  f i e l d s  was in v e s t ig a te d  using  th e  two form ula­
t i o n s .  F igure  5 .2  shows the  v e r t i c a l  v e lo c i ty  component and th e  tempera­
tu r e  a long th e  ( h o r iz o n ta l )  c e n te r  o f  the  c a v i ty .  The r e s u l t s  were 
ob ta ined  by the  p e n a l t y - f i n i t e  element model w ith  a 10x10 uniform mesh 
fo r  R ^=10^, 10^, and 12x12 nonuniform mesh f o r  R = 10^ , o f  l i n e a r
a a
e lem ents . F igure  5 .3  shows the  isotherm s and stream  l in e s  ob ta ined  by th e
p e n a l t y - f i n i t e  elem ent model f o r  R  ^ = 10'^, and 10^, and Pp = l .  The
numerical r e s u l t s  ob ta in ed  by th e  stream f u n c t i o n - v o r t i c i t y  f i n i t e  element 
3 4model, f o r  R  ^= 10 and 10 , were found to  be very c lo se  to  th o se  ob ta ined  
by th e  p e n a l t y - f i n i t e  elem ent model and cannot be p lo t t e d  d i s t i n c t l y  on 
th e  p re se n t  s c a le .  T h e re fo re ,  the  r e s u l t s  a re  compared in  Table 5.1 fo r  
Ra = 10^, 10^, and P r - 1 .  As can be seen from th e  t a b l e ,  th e  p e n a l ty -  
f i n i t e  element model (PFEM) p re d ic t s  va lues  o f  th e  stream  fu n c tio n  lower 
than those  p re d ic te d  by th e  s tream  f u n c t io n - v o r t i c i t y  f i n i t e  element 
model (SVFEMl. However, th e  stream  f u n c t io n - v o r t i c i t y  f in i t e - e le m e n t  
model did not g ive  convergent r e s u l t s  fo r  th e se  two Rayleigh numbers.
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Thus, th e  p en a l ty  fo rm ula tion  could be used to  analyze  h ig h e r  Rayleigh 
number flows than those  which could  be analyzed by th e  s tream  fu n c t io n -  
v o r t i c i t y  model.
Figure 5.4 and 5 .5  a r e  comparisons between the  l i n e a r  e lem ent ( th e  
p re sen t  p e n a l t y - f i n i t e  elem ent model) and a q u a d ra t ic  element (Upson e t  
a l . ,  1980) in  which 168 iso p a ram e tr ic  elem ents w ith  745 nodes a r e  used. 
Those f ig u re s  show t h a t  th e  r e s u l t s  ob ta ined  by th e  l i n e a r  elem ent using 
r a th e r  coarse  mesh ag ree  very  well w ith  those  by Upson e t  a l .  (1980).
In Figures 5 .6a and b , v e r t i c a l  v e lo c i ty  and tem pera tu re  along the  
h o r izo n ta l  c ro ss  s e c t io n  A-B (see  Fig. 5 .1) a re  superposed. This  shows 
th e  s i m i l a r i t y  o f  s o lu t io n  f o r  various  Rayleigh numbers. F igure  5.7 
compares d i s t r i b u t i o n  o f  core  tem peratu re  along c ross  s e c t io n  C-D ob ta ined  
by p e n a l t y - f i n i t e  element model and th e  experiment given by E lder (1965a). 
Since th e  in s u la te d  boundary co n d it io n  in  E ld e r 's  experim ent i s  not 
s a t i s f i e d  com pletely , tem pera tu re  p a t te r n  around x = 0 and 1 shows s i g n i ­
f i c a n t  d i f f e r e n c e .  F igure 5 .8  shows isotherm s and stream  l i n e s  ob ta ined  
using th e  p e n a l t y - f i n i t e  elem ent model (w ith 12x12 nonuniform mesh) f o r  
Rg = 10®, and P^ = l .
F igures  5 .3  and 5 .8  show t h a t  isotherm s tend to  be v e r t i c a l  in  the  
( therm al)  boundary la y e r  a t  v e r t i c a l  w a lls  ( i . e . ,  v e r t i c a l l y  s t r a t i f i e d )  
and they  a re  h o rizo n ta l  in  th e  co re  reg ion . The v o r t i c i t y  and s tream  
fu n c tio n  values a t  th e  c e n te r  o f  the  enc losu re  o b ta ined  by both formula­
t io n s  a re  compared in  Table 5 .2  f o r  various  Rayleigh numbers and Prandtl 
numbers. Again, the  r e s u l t s  o b ta ined  using th e  p e n a l t y - f i n i t e  element 
model ( a l s o  see  H einrich e t  a l . ,  1978) a re  lower than those  ob ta ined  
using th e  s tream  f u n c t io n - v o r t i c i t y  model. However, th e  v o r t i c i t y  values
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in  th e  pen a lty  model were computed a t  the  Gaussian p o in ts  (which do not 
co inc ide  w ith  th e  v o r t i c i t y  c e n te r )  and th e re fo re  cannot be th e  same as 
those  computed a t  the  v o r t i c i t y  c e n te r .
The v o r t i c i t y  d i s t r i b u t i o n  a long v e r t i c a l  c ro ss  s e c t io n  C-D o f  th e  
enc losu re  i s  shown in  F igure  5 .9 fo r  Ra = 10*. In th e  p e n a l t y - f i n i t e  
element model, th e  v o r t i c i t y  was computed from th e  v e lo c i ty  f i e l d  a t  th e  
Gaussian p o in ts .  Note t h a t  the  s o lu t io n s  o b ta ined  by both form ulations  
a re  alm ost Id e n t ic a l  f o r  Pr = l ;  however, f o r  small P randtl numbers th e re  
seem to  e x i s t  small d i f f e r e n c e s  in  th e  s o lu t io n s .
Figures 5.10 and 5.11 show th a t  th e  in f lu en c e  o f  th e  p en a lty  para­
meter E on th e  so lu t io n  i s  s e n s i t i v e  to  n e i th e r  mesh s i z e  nor Rayleigh 
number.
Table  5 .3  shows a comparison o f  the  N u sse lt  number computed by 
various i n v e s t ig a to r s  ( f o r  square  en c lo su re ,  Ra = 1 .4 7 x 1 0 ^ ,  Pr = 0 .7 33 ) . 
Note t h a t  th e  N usse lt  number o b ta ined  by th e  p e n a l t y - f i n i t e  element 
model i s  th e  low est o f  a l l .
Also Figure  5.12 compared th e  p re s e n t  l i n e r  elem ent to  the  quad­
r a t i c  element (Upson e t  a l . ,  1980) f o r  R a= 10^,10^ ,10^  and 10®. The 
p re sen t  r e s u l t s  tend to  p r e d ic t  sm alle r  values because o f  th e  use o f  
coarse  mesh compared to  th o se  by Upson e t  a l .  (1980).
In Table 5 .4  th e  two f in i t e - e l e m e n t  fo rm u la tions  a r e  compared fo r  
computational time ( in  CPU), number o f  i t e r a t i o n s  taken fo r  convergence, 
and th e  N usse lt  number. The p e n a l t y - f i n i t e  element model re q u ire s  only 
s l i g h t l y  more (because o f  th e  computation o f^ i )  time than  the  stream 
f u n c t io n - v o r t i c i t y  model ; however, th e  number o f  i t e r a t i o n s  req u ired  i s  
sm alle r  in  th e  former model.
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F igure  5.13 shows th e  e f f e c t  o f  P randtl number on th e  tem pera tu re , 
stream  fu n c t io n ,  and v o r t i c i t y  ( f o r  Ra = 10*). These s o lu t io n s  were ob­
ta in e d  using  th e  s tream  f u n c t io n - v o r t i c i t y  f i n i t e  elem ent model. S im ila r  
p lo t s  f o r  th e  tem pera tu re  and stream  fu n c t io n  were o b ta in ed  by th e  
p ena lty  f i n i t e  elem ent model, bu t due to  t h e i r  c lo se  agreement w ith  those  
ob ta ined  by th e  s tream  f u n c t io n - v o r t i c i t y  f i n i t e  model, they a re  not 
shown h e re .  D i f f e r e n t  P randtl numbers, f o r  a f ix e d  Rayleigh number, mean 
f l u i d s  w ith  d i f f e r e n t  (m a te r ia l )  p r o p e r t i e s .  For f l u i d s  w ith  low Prandtl 
number ( i . e . ,  r a t i o  o f  v i s c o s i ty  to  thermal d i f f u s i v i t y ) ,  th e  stream  
l i n e s  and v o r t i c i t y  l i n e s  show synmetry about th e  c e n te r .
F igure  5.14 shows th e  r e l a t i v e  p re s su re  d i s t r i b u t i o n  along the  
v e r t i c a l  c ro ss  s e c t io n  C-D. P ressu re  i s  r e l a t i v e l y  high near th e  w a lls  
and low near  th e  c e n te r .
F igures  5 .15 through 5.17 show th e  e f f e c t  o f  th e  a sp e c t  r a t i o  
(h e ig h t  to  width, o f  th e  e n c lo s u re ,  T = &/d) on th e  tem pera tu re  and flow 
f i e l d s .  All o f  th e  r e s u l t s  were ob ta in ed  by th e  p e n a l t y - f i n i t e  element 
model. F igure  5 .15 shows th e  iso therm s and stream  l i n e s  f o r  a re c ta n g u la r  
e n c lo su re  o f  a sp e c t  r a t i o  3. The Rayleigh number and P randtl numbers 
a re  th e  same as th o se  used by Heliums and C hurch ill  (1962): R a=1.466x10^, 
P r = 0.733 . The p re s e n t  r e s u l t s  ag ree  q u a l i t a t i v e l y  w ith  those  o f  Heliums 
and C h u rc h i l l .  F igure  5.16 shows s im i la r  r e s u l t s  f o r  a r e c ta n g u la r  
e n c lo su re  o f  a sp e c t  r a t i o  1 .8 3 ,  and w ith  l i n e a r  tem pera tu re  d i s t r i b u t i o n  
on th e  h o r iz o n ta l  w a l ls  as in d ic a te d  in  th e  f ig u r e  (Ra = 8 ,200 , Pr = 2 ,450 ) . 
This example i s  th e  same as  t h a t  considered  by Szekely and Todd (1971), 
who have p resen ted  experim ental and f i n i t e  d i f f e r e n c e  s o lu t io n s .  The 
p lo t te d  values  o f  th e  s t e a d y - s t a t e  isotherm s seem to  ag ree  well w ith
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th o se  o f  Szekely and Todd. In g e n e ra l ,  i t  was observed t h a t  f o r  l a r g e r  
a sp e c t  r a t i o s  th e  numerical s o lu t io n s  converged f a s t e r .  F in a l ly ,  Figure  
5.17 shows s im i la r  r e s u l t s  f o r  an a sp e c t  r a t i o  o f  16, Ra = 10®, and Pr = l .  
This problem was s tu d ie d  ex p er im en ta l ly  by E lder (1965a) f o r  s l i g h t l y  
d i f f e r e n t  Rayleigh number (Ra = 3xl0®). A symmetric (abou t th e  c e n te r )  
b u t  nonuniform mesh o f  24x14 was used. The iso therm s and s tream  l in e s  
shown in  Figure  5.17a a re  those  o b ta ined  a t  th e  end o f  30 i t e r a t i o n s ,
w ith  th e  e r r o r  [ in  th e  v e lo c i ty  f i e l d )  between th e  l a s t  two i t e r a t i o n s
-*3being l e s s  than 10" . Due to  tim e l i m i t a t i o n  on th e  job  c a rd ,  th e  so lu ­
t io n  a t  th e  end o f  t h i r t y  i t e r a t i o n s  was s to re d  on a ta p e  using  f r e e  
form at. The computation was i n i t i a t e d  w ith  th e  s o lu t io n  on th e  ta p e  as 
th e  s t a r t i n g  va lue  f o r  th e  3 1 s t  i t e r a t i o n .  A f te r  30 more ( i . e .  t o t a l  60) 
i t e r a t i o n s ,  th e  e r r o r  was found to  be only s l i g h t l y  l e s s  than t h a t  com­
puted a t  th e  end o f  th e  f i r s t  t h i r t y  i t e r a t i o n s ,  and computation was 
te rm ina ted  p lo t t i n g  th e  iso therm s and stream  l in e s  (s e e  Fig . 5 .1 7 b ) .
While th e  iso therm s remained v i r t u a l l y  u n a l te r e d ,  th e  stream  l i n e s  in  th e  
core  reg ion  sep a ra ted  in to  small c e l l s .  A lso , th e  s tream  l in e s  in  th e  
boundary la y e r  remained s t r a t i f i e d  v e r t i c a l l y .  The r e s u l t s  in  F ig . 5.17a 
seem to  a g re e ,  q u a l i t a t i v e l y ,  well w ith  th o se  re p o r ted  by E lder .
We a lso  p re se n t  numerical r e s u l t s  f o r  a non rec tan g u la r  en c lo su re  
(see  Fig . 5 .1 8 ) .  Figure  5.19 shows isotherm s and stream  l in e s  f o r  Ra = 10^
c
and 10 , Pr = l .  The top  and bottom w a lls  were assumed to  be in s u la te d .  
S ince no r e s u l t s  a r e  a v a i l a b le  in  th e  l i t e r a t u r e  a t  t h i s  w r i t i n g ,  com­
p ariso n  i s  no t made. These r e s u l t s  could se rv e  as t e s t  cases  f o r  f u tu r e  
numerical in v e s t ig a t i o n s .
In c lo s in g ,  n a tu ra l  convection  in  a c y l in d r ic a l  annul us i s  so lved .
69
Experimental as well as numerical r e s u l t s  using th e  f i n i t e  d i f f e r e n c e  
method based on th e  s tre am -fu n c t io n  fo rm ula tion  was given by Kuehn and 
G oldste in  (1976). Assuming symnetry w ith  r e s p e c t  to  th e  v e r t i c a l  c e n te r -  
l i n e ,  only  h a l f  o f  th e  annul us i s  considered  here . Domain, boundary 
c o n d i t io n s ,  and f i n i t e  elem ent mesh a r e  shown in Figure  5 .20.
Figures 5.21a and b show th e  isotherm s and isostream s f o r  two 
Rayleigh numbers (a )  Ra = 10^ and (b) Ra =4.7x10^ w ith  Pr = 0.706. Heat i s  
t r a n s f e r r e d  mainly by conduction f o r  case  (a )  w hile  convection e f f e c t  i s  
s i g n i f i c a n t  in  case  (b ) .  F igure  5 .22 shows v e r t i c a l  v e lo c i ty  along th e  
ho rizo n ta l  c ro s s  s e c t io n  (shown by broken l i n e  in  th e  f i g u r e ) .  I t  i s  
observed t h a t  th e  in n e r  boundary la y e r  i s  th in n e r  than  th e  o u te r  boundary 
la y e r .  F igures 5.23a and b show th e  s tream  fu n c tio n  and tem peratu re  d i s ­
t r i b u t io n  along th e  same c ro s s  s e c t io n .  In Figures 5.24a and b , tempera­
tu r e  and v e r t i c a l  v e lo c i ty  d i s t r i b u t i o n  a long th e  h a l f  c i r c l e  (shown by 
broken l i n e  in  th e  f ig u r e )  a r e  given f o r  two Rayleigh numbers. P o s i t io n  
i s  shown by ang le  a  (degree) measured from th e  h o rizon ta l  l i n e  passing  
through th e  c e n te r  o f  annul us. Rapid change o f  both tem perature  and 
v e lo c i ty  around a  = 75 shows th e  e x is te n c e  o f  a plume f o r  Ra = 4.7x10^.
Heat t r a n s f e r  a long th e  in n e r  and o u te r  w a lls  a re  shown in Figure 
5 .25. For comparison, a n a ly t ic a l  s o lu t io n  by Farshchi (1978) and 
numerical s o lu t io n  by Kuehn and G oldste in  (1976) a re  given along the  
in n e r  wall f o r  Ra =4.7x10^. The p re sen t  r e s u l t s  show loca l e f f e c t s  com­
pared to  those  given by o th e r  i n v e s t ig a to r s .  F in a l ly ,  F igures 5.26a 
and b show isotherm s and isos tream s f o r  a problem in  which th e  in n e r  
wall i s  kept co ld  w hile  th e  o u te r  wall i s  h o t .  The same number o f  mesh 
as in  the  p rev ious  problem is  used. As th e  tem perature  d i f f e r e n c e  
between w a lls  i s  in c re a se d ,  th e  f l u i d  tends to  become s t r a t i f i e d .
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This ag rees  w ith  our i n t u i t i o n .
5 .4  Concluding Remarks
Compared to  th e  mixed f i n i t e  element model o f  G a r t l in g  (1977), 
th e  s tream  f u n c t io n - v o r t i c i t y  f i n i t e  element model and th e  p en a lty -  
f i n i t e  element model seem to  be com puta tionally  s im p le r .  The mixed 
model, by fo rm u la t io n ,  r e s u l t s  in  a la rg e  system o f  (n o n -p o s i t iv e  d e f i ­
n i t e )  eq u a tio n s .  Without spec ia l  c o n s id e ra t io n ,  r e s u l t s  o b ta ined  fo r  
th e  p re ssu re  a re  o f te n  e rroneous. The stream  f u n c t io n - v o r t i c i t y  model 
s u f f e r s  from th e  d isadvantage  t h a t  th e  boundary co n d it io n s  on th e  v o r t i ­
c i t y  must be known a p r i o r i . De Vahl (1968) po in ted  o u t  t h a t  computation 
o f  th e  boundary values o f  th e  v o r t i c i t y  from th e  s tream  fu n c tio n  could 
r e s u l t  in  up to  30% e r r o r .  The r e s u l t s  ob ta ined  by th e  p e n a l ty  method 
a re  on the  lower s id e  o f  those  ob ta ined  by th e  s tream  f u n c t io n - v o r t i c i t y  
model. I t  i s  d e s i r a b le  to  have experimental r e s u l t s  in  o rd e r  to  compare 
and make an accuracy e v a lu a tio n  o f  th e  fo rm u la t io n s .  The stream  func tion - 
v o r t i c i t y  model p re sen ts  convergence problems f o r  Rayleigh numbers 
h igher than 10^. In th e  p en a lty  model, one i s  re q u ired  to  a s se s s  an 
optimal value o f  th e  pen a lty  param eter. For very high Rayleigh numbers, 
th e  p en a lty  param eter should be very l a r g e ,  and t h i s  in  tu rn  (coupled 
with word len g th  in  th e  computer) could cause th e  equations  to  become 
i l l - c o n d i t io n e d .
In th e  p re s e n t  s tu d y , only  moderate Rayleigh numbers were s tu d ie d .  
For Rayleigh numbers h igher than 10^, say o f  th e  o rd e r  10^-10^, most 
t r a d i t i o n a l  numerical schemes have computational d i f f i c u l t i e s  ( in  terms 
o f  convergence and numerical s t a b i l i t y ) .  The s o -c a l le d  upwind d i f f e r ­
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encing could prove to  be very e f f e c t i v e .  In o rd e r  to  use th e  upwind 
d i f f e r e n c in g  a lo g ic a l  procedure t h a t  can be automated on the  computer 
must be thought o u t  f o r  th e  f i n i t e  elem ent method. This a rea  seems to  
be open f o r  a d d i t io n a l  re sea rc h .  Another a rea  f o r  which s u f f i c i e n t  
in form ation  i s  la ck in g  i s  th e  f r e e  convection  in  n o n -rec tan g u la r  (o r  
i r r e g u la r )  and th ree -d im ensiona l e n c lo su re s .  In both  c a se s ,  unsteady 
ana lyses  need to  be performed. T h eo re t ic a l  as well as numerical i n v e s t i ­
ga tions  in to  i n s t a b i l i t i e s  a t  high Rayleigh numbers (say ,  in  th e  tu rb u ­
l e n t  reg ion) a re  d e f i n i t e l y  f a r  from complete.
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Figure 5 .1 . Comparison o f  isotherm s and stream  l in e s
o b ta in ed  by the  p e n a l t y - f i n i t e  elem ent models 
( Eg/O , for. R = 1 ,000 and P =-10.
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Figure 5 .2 .  V e lo c ity  and tem pera tu re  d i s t r i b u t i o n  
along the  c en te r  l in e s  of th e  enc lo su re .
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Table 5 .1 .  Comparison o f  th e  s tream  fu n c t io n  and tem p e ra tu re  
v a lu e s  o b ta in e d  by th e  p e n a l t y - f i n i t e  e lem ent model 
(PFEM) and s tream  f u n c t i o n - v o r t i c i t y  f i n i t e  e lem ent 
models (SVFEM) (P r  = 1 .0 ,  Mesh; 10 x 10)
CJl
Quant­ Ra = 10^ Ra = 10*
i t y x /y PFEM SVFEM PFEM SVFEM
c
0 .0 0 ,0 0 .0 0 .0 0 .0
+J LO
o  •
c  o
0.1 0.1566 0.2236 0.70671 0.9811
*t- II 0 .2 0.5011 0.6094 2.2585 2.7201
<u +J 0 .3 0.8410 0.9746 3.7707 4.3745
to 0 .4 1.0755 1.2228 4.7925 5.4913
0 .5 1.1581 1.3098 5.1474 5.8797
1 .0 0 .5 0 .5 0 .5 0 .5
3  .
0 .9 0.3871 0.3851 0.2646 0.2514
+J O
g "
0 .8 0.2777 0.2744 0.0883 0.0733
| . X
0) 4-> 
lO
0 .7 0.1765 0.1734 0.0011 0.0006
0 .6 0.0851 0.0832 -0 .0150 -0.011
0 .5 0. 0. 0. 0.
0.0ac
v â ) ^ e » o 7 i
Rq = 10'4'
0.0
Q
(b) A *=0.5
Ra = 10'
Fiqure 5 .3 . Isotherms and stream l in e s  o b ta ined  by th e  p e n a l ty -  
f i n i t e  element model fo r  R^=10,000 and 100 ,000(P r= l),
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Ficurc 5 .4  V ertica l  v e lo c i ty  a t  x=0.5 by penalty  f i n i t e  element model .
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Figure 5.5 Temperature a t  x=0.5 by p en a lty  f i n i t e  element model
a) Ra = 10^
b) Ra * 1q4
c) Ra * 10^
d) Ra = 10®
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(a) Scaled v e r t i c a l  v e lo c i ty  in boundary lay e r  (x=0.5)
(b) Temperature in boundary lay e r  (x=0.5) .
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Figure 5.7 Core tem perature d i s t r i b u t io n  along v e r t i c a l  c ro ss  sec t io n  .
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Isotherm s and iso s tream s  f o r  Ra = 10^, Pr 
by p en a l ty  fo rm u la tion  (mesh: 12 x 12)
(a )  iso therm s and (b) iso s tream s
= 1
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Figure 5 .9  V o r t ic i ty  d i s t r ib u t io n  along v e r t i c a l  
c ross  sec t io n  (Ra=10000, Mesh: 10x10)
(a) stream function  - v o r t i c i t y  model (SVFEM)
(b) penalty  FEM (PFEM)
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Table 5 .2 .  Stream fu n c t io n  and v o r t i c i t y  v a lu es  a t  th e  
c e n t e r  o f  th e  e n c lo su re  (10x10 mesh).
Stream fu n c t io n  (*) V o r t i c i t y  (ç )
Ra Pr • f  FEM SVFEM PFEM SVFEM
10-2 1.1386 1.2636 -31 .26 -33 .36
10"’ 1.1561 1.3041 . -31.41 -3 4 .4 4
10^ 1
l o ’
1.1581
(1 .1 8 )*
1.3096 -31.31 -34 .52
1.1581 1.3098 -31 .32 -3 4 .5 2
10% 1.1581 1.3098 -31 .32 -34 .52
10-2 5.0128 5.4504 -96 .32 -8 3 .9 9
10"’ 5.0403 5.5451 -101 .5 -88 .94
lo f 1
l o ’
5.1474
(5 .1 3 )*
5.7823 -103.1 -99 .78
5.2016 5.8797 -1 0 6 .9 -104.1
1 10^ 5.2070 5.8892 -107 .3 -104 .5
* va lu es  from H ein rich  e t  a l .  (.1978), wherein a 4x4 o f  th e  9-node 
r e c ta n g u la r  e lem ents  was used.
Table  5 .3 .  Comparison o f  th e  N u sse l t  number o b ta in e d  by
v a r io u s  i n v e s t i g a t o r s  (Ra = 1 .47 x 10 , P r  = 0 .733)
00w
Source N u sse l t  number (Nu)* Remarks
(  PFEM 2.360 4-node r e c t .  element
P re s e n t  < (10x10 mesh)
(  SV.FEM 2.687 4-node r e c t .  element 
(10x10 mesh)
Tabarrok and Lin (1977) 2.695 3-node t r i a n g u l a r  
element(lOxlO )
C a t to n , e t  a l .  (1974) 2.71 G a le rk in  Method
Cormack, e t  a l .  (1974) 2 .64 21 X 21 FDM
W ilkes, e t  a l .  (1966)
2.874 11 X 11 FDM
2.516 21 X 21 FDM
Ozoe, e t  a l .  (1975) 2.75 experim en t
N u sse lt  number i s  d e f in ed  ( in  th e  p re s e n t  c o o rd in a te s )  by.
average ,Nu = r
J  0
38 I
 W
dx .
y=0
Table 5 .4 .  Comparison o f  th e  N u sse l t  number, com puta tional tim e 
and number o f  i t e r a t i o n s  re q u ire d  f o r  convergence (n )  
f o r  th e  p e n a l ty  f i n i t e  e lem ent model (PFEM )a n d  s tream  
f u n c t io n  v o r t i c i t y  f i n i t e  elem ent model (SVFEM),
P e n a l ty  f i n i t e  e lem ent Stream f u n c t i o n - v o r t i c i t y
Ra Pr n+ cpu Nu n cpu Nu
10-2 11 3 .0 9 1.0992 18 2 .55 1.2582
10-1 9 2 .38 1.1558 16 2 .36 1.1367
10^ 1 8 2.33 1.1666
(1 .1 4 )*
16 2 .3 9 1.1387
10 a 2 .2 9 1.1666 15 2 .34 1.1387
10% a 2.25 1.1666 15 2.31 1.1387
10-2 20 5.26 1.9993 22 3 .35 2.2004
10-1 20 J L 3 3 2.0390 28 4 .2 8 2.2600
10* 1 16 4,26 2.1318
(2.49*)
26 4 .05 2.3962
10 17 4 .33 2.1440 20 3 .13 2.4144
102 17 4.37 2.1442 20 3 .12 2.4146
+ convergence t o l e r a n c e ,  10"^.
* va lues given by H einrich  e t  a l . ,  (1978), wherein a 4x4 mesh 
o f 9-node re c ta n g u la r  elem ents was used.
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Figure 5.10 E f fe c t  of penalty  parameter e on the  stream func tion  ii
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Figure  5.11 E ffec t  o f  p en a lty  parameter e on the  temperature 9
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Figure 5.12 Heat f lu x  a t  cold wall ,
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Figure 5.13 I so th e rm s ,  i s o s t r e a m s ,  and e q u i v o r t i c i t y  l i n e s  f o r  
v a r io u s  P ran d t l  numbers by s t ream  f u n c t i o n -  
v o r t i c i t y  fo rm ula t ion  (Ra=10^).  (a )  i s o th e rm s ,
(b) i s o s t r e a m s ,  and (c )  e q u i v o r t i c i t y  l i n e s .
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Figure 5.14 Rela t ive  p ressu re  d i s t r i b u t i o n  along v e r t i c a l  c ross  sec t ion  
{y=O.S) by pena l ty  f i n i t e  element model .
89
Insulated insulated
to
o
i s o ' S t r e a m l i n e s
tn,0.0
a>CD
Insulated
isotherms
Aspect Ratio = 3
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Figure 5.18 F i n i t e  element mesh f o r  n on rec tangu la r  
c a v i t y  (14 x 13 nonuniform mesh).
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Figure 5.19 Temperature and s tream fu n c t io n  f o r  non-square 
enc losu re  by p en a l ty  method.
(a) tempera ture  and (b) s tream f u n c t io n .
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Figure  5 .20  F in i t e  elements and boundary condi t ions  fo r  c i r c u l a r  
annulus (375 meshes and 336 nodes) .
94
Ra= 10'’ 
Pr= 0.706
Ca)
i sotherms
Ra= 4.7x10 
Pr= 0.706
o ) .
é
isostreams.
3 4
Figure 5.21 Isotherms and isost reams fo r  (a) Ra=10 and (b) Ra=4.7xl0
95
/Ra*
- 2 .
• 3 .
-4.
-5.
0 . 0.2 0.4 0.6 0.8 1.0
"o-" i
Figure 5.22 V er t ica l  v e lo c i ty  d i s t r i b u t i o n  along horizonta l  c ross  
sec t ion  .
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Figure 5.23 (a) Stream function along hor izonta l  cross sec t ion
(b) Temperature d i s t r i b u t i o n  along hor izonta l  cross  s ec t ion
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Figure 5.24 | a |  Temperature d i s t r i b u t i o n  along h a l f  c i r c l e
Vert ica l  v e lo c i ty  d i s t r i b u t i o n  . 
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Figure 5.25 Heat t r a n s f e r  along inner and ou te r  wall s  .
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Figure 5.26 Isotherms and isostreams fo r  h a l f  annulus placed 
h o r iz o n ta l ly :  (a) Ra=lQOO and (.b) Ra=100,000. .
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CHAPTER VI
CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE RESEARCH
Various i t e r a t i v e  numerical schemes a re  c ons t ruc ted  in o rde r  to  
solve two s teady  non l inea r  problems s u b je c t  to  e q u a l i t y  or  i n e q u a l i t y  
c o n s t r a i n t s .  Three fo rmula t ions  to  in co rp o ra te  th e se  c o n s t r a i n t s  a re  
developed as a bas is  f o r  co n s t r u c t in g  numerical schemes. They are  
Lagrange m u l t i p l i e r  fo rm u la t ion ,  pena l ty  fo rm u la t ion ,  and v a r i a t i o n a l  
i n e q u a l i t y  fo rm ula t ion .  An i t e r a t i v e  procedure i s  necessary  f o r  
so lv ing  problems involv ing n o n l i n e a r i t y .
In the e l a s t i c - p l a s t i c  t o r s io n  problem, an i t e r a t i v e  scheme 
modifying the  success ive  over r e l a x a t i o n  method (SOR) i s  used with 
base on the  theory  o f  v a r i a t i o n a l  in e q u a l i t y  to  in c o rp o ra te  i n e q u a l i t y  
c o n s t r a i n t  on the  s t r e s s  func t ion  ( i . e . ,  von Mises y i e ld in g  c r i t e r i o n ) .  
When th e  i n e q u a l i t y  c o n s t r a i n t  i s  expressed by the  e x p l i c i t  form in 
terms o f  the  s t r e s s  func t ion  ( f o r  example, in terms o f  f u l l y  p l a s t i c  
s o l u t i o n ) ,  the  i n e q u a l i t y  condi t ion  can be taken i n t o  the  i t e r a t i o n  
procedure o f  SOR. However, f o r  general  in e q u a l i t y  c o n s t r a i n t s ,  the  
use o f  a Lagrange m u l t i p l i e r  i s  necessa ry  to  r e l e a s e  an in e q u a l i t y  
c o n s t r a i n t  on the  s t r e s s  fun c t io n .  This leads  to  a saddle  po in t  
problem ( i . e . ,  minimizat ion with  r e s p ec t  to  the  s t r e s s  fu nc t ion  and 
maximization with r e sp ec t  to  the  Lagrange m u l t i p l i e r ) .  The sadd le
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p o in t  can be ob ta ined  by tw o-s tep  i t e r a t i o n  which f i r s t  so lves  f o r  
the  s t r e s s  f u n c t io n  f o r  a given Lagrange m u l t i p l i e r  and then o b ta in s  
the  Lagrange m u l t i p l i e r  assuming the s t r e s s  fu n c t io n .  This two-s tep  
i t e r a t i o n  procedure  i s  a l s o  used to  s a t i s f y  the  r e l a t i o n  between 
t o t a l  to rque  and th e  s t r e s s  fu n c t io n  when t o t a l  to rque  i s  g iven.  The 
optimum a c c e l e r a t i o n  parameter in modif ied SOR can be found e x p e r i ­
m enta lly  using the  genera l  c r i t e r i o n  t h a t  th e  optimum value i s  the 
maximum value  t h a t  makes th e  s o lu t io n  monotonica lly  convergent .  This 
p r a c t i c a l  c r i t e r i o n  can be app l ied  in  any i t e r a t i v e  procedure which 
uses an a c c e l e r a t i o n  parameter.
In the  na tu ra l  convection problem, th e  pena l ty  formula t ion  to  
inco rpo ra te  the  i n c o m p r e s s ib i l i t y  co n d i t io n  i s  shown to  be e f f i c i e n t  
to  so lve  the  flow f o r  high Rayleigh numbers compared to  th e  stream 
f u n c t i o n - v o r t i c i t y  fo rm ula t ion .  In o rde r  t o  ob ta in  a convergent 
i t e r a t i v e  scheme f o r  n on l inea r  convective  terms, the  use o f  an a c c e le ­
r a t i o n  parameter i s  ve ry  e f f e c t i v e .  Also,  th e  type o f  normal iza t ion  
in f luences  th e  computational e f f i c i e n c y  in  p r a c t i c e .  However, the  
pena l ty  f i n i t e  element model tends  to  give  sm al le r  va lues  than those  
given by the  s tream f u n c t i o n - v o r t i c i t y  model. Im por tan t ly ,  the  
pena l ty  parameter i s  s e n s i t i v e  to  n e i t h e r  mesh s i z e  nor Rayleigh 
number.
In summary, f u t u r e  re sea rch  i s  recommended in th e  fo llowing 
a reas :
(1) Appl ica t ions  o f  v a r i a t i o n a l  in e q u a l i t y  in engineering problems 
such as de te rm ina t ion  o f  the  f r e e  s u r fa ce  in open channel f low, 
underground water  f low, and de termina t ion  o f  co n tac t  su r face  
between e l a s t i c  bodies a re  s t ro n g ly  d e s i r ed .
1 0 2
(.2) In r e l a t i o n  to  t h e  e l a s t i c - p l a s t i c  t o r s i o n  problem, hardening  
o f  m a te r i a l  and the  unloading process  should be s tu d i e d .
(.3) Also v a r i a t i o n a l  i n e q u a l i t y  can be used to  so lv e  two- o r  t h r e e -  
dimensional p l a s t i c i t y  problems.
C4) The use o f  the  p e n a l ty  fo rm ula t ion  to  in c o rp o ra te  the  c o n s t r a i n t  
in  terms o f  an i n t e g r a l  form should be s tu d ie d .
(.5} Time dependent and t h r e e  dimensional a n a ly s i s  o f  n a tu ra l  con­
vec t ion  problems i s  o f  g r e a t  i n t e r e s t .
(6) Natural  convection w i th  f r e e  su r fa ce  i s  an ex tremely i n t e r e s t i n g  
problem.
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APPENDIX
NUMERICAL SOLUTION OF |7* |2  = in n c  R^
Consider th e  wave equat ion
i î i .  C2 ( ^ +  = 0 (A.l )
3 t^  3Xi 9X2
where C i s  the  wave speed. Let
u = u ( t  -  *(%)) (A.2)
be the  so lu t io n  where (j>(x) i s  a func t ion  to  be determined.  Let 
* ( x , t )  = t  -  (j){x).
Then, (A-1) can be w r i t t e n  as
— - C ^ I  (— ( # )  0 (1 = 1 . 2 )
9*2 1=1 9*2 9X?
C o l le c t in g  the  c o e f f i c i e n t s  o f  | -  and ,
2 2
I t  follows then t h a t  # ( x , t )  = c o n s t a n t , a r e  the  c h a r a c t e r i s t i c  l i n e s ,  and t h a t
js2ij
the  c o e f f i c i e n t  of  ^-rr must vanish:
1 - C2 I  ( - ^ ) 2  = 0 o r  | 7 * | 2 ,  ^  (A.4)
i=l ^^i ^
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Thus, *(x) = t  -  ij)(x,t) = t  + c o n s t a n t  i s  the  s o lu t io n  o f  (A.4) a t  po in t  
X f o r  a given t .  Suppose t h a t  th e  wave s t a r t s  a t  t=0 from the  boundary 
and propagates  in to  the  domain. The i n i t i a l  c o n d i t io n  i s  *(x) = 0 
(which d e sc r ib e s  the  equat ion  f o r  th e  boundary) and t h e r e f o r e  the  co ns tan t  
i s  zero .  The fu nc t ion  <ji(x) denotes  the  time taken by the  wave to  t r a v e l  
from the  boundary to  a p o in t  x. Since the wave speed i s  C, we must have
t  = *(x) = d (x ,30) /C  , C = 1/xp (A.5)
where d (x ,an )  i s  the  minimum d i s t a n c e  from the  boundary an o f  the  domain n 
to  the  po in t  x.
In the  numerical scheme, the  minimum d i s t a n c e  from a given node 
( in  th e  f i n i t e  element mesh) to  boundary (nodes) i s  computed, and then 
#(x) i s  obta ined only a t  d i s c r e t e  p o i n t s ,  namely a t  the  nodal p o in t s .
1 1 2
